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Motivation: Graph approximation of data sets

Ingredients:
B 7 points {z;}7_, sampled from Q C R¢ according to ;1 € M(Q)
= empirical measure p" = 2 3" | 5,
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Motivation: Graph approximation of data sets

Ingredients:
B 7 points {z;}"; sampled from Q C R¢ according to ;1 € M(Q)
= empirical measure p" = 2 3" | 5,
B a symmetric weight functionn : G — [0,00) with G = Q x Q\ {z =y}
= (u",n) defines a weighted graph
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Goal: Evolution equations on graphs

For p € P(2) and symmetric K € C(2 x Q) define the interaction energy

£p) =1 / [ K@ @)
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Goal: Evolution equations on graphs
For p € P(Q2) and symmetric K € C(Q x Q) define the interaction energy
1
o) =3 [[ K@@
QxQ
Goal: Define (gradient flow) dynamic for energy £ on weighted graph (u,n).

Subgoals:

B Dynamic should be stable under graph limit n — oo such that x™ = p
(1™, m) becomes a continuous graph (u, n)

B Dynamic should be consistent/stable for local limit:
For pu = Leb(R%) and 0’ (z,y) = 6~ “n(%5¥), the limit § — 0 shall be the
interaction/aggregation equation

Owpe =V - (pe VK * pt) (IE)
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Goal: Evolution equations on graphs
For p € P(Q2) and symmetric K € C(Q x Q) define the interaction energy
1
o) =3 [[ K@@
QxQ
Goal: Define (gradient flow) dynamic for energy £ on weighted graph (u,n).

Subgoals:

B Dynamic should be stable under graph limit n — oo such that x™ = p
(1™, m) becomes a continuous graph (u, n)

B Dynamic should be consistent/stable for local limit:
For pu = Leb(R%) and 0’ (z,y) = 6~ “n(%5¥), the limit § — 0 shall be the
interaction/aggregation equation

Owpe =V - (pe VK * pt) (IE)
(IE) is Wasserstein gradient flow for £ = find suitable nonlocal metric 7 on (u, n).

= Gradient flow of £ wrt T is nonlocal interaction equation on weighted graph (1., 1)
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Inspiration: The numerical upwind scheme

What is the nonlocal analog of the continuity equation:
Opr +V -3 =0
Je(x) = pr(x)ve(x) 7
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Inspiration: The numerical upwind scheme

What is the nonlocal analog of the continuity equation:
Opr +V -3 =0
Je(x) = pr(x)ve(x) 7

Fluxes j; are defined on edges (z,y) € G and the divergence is nonlocal

Oipi(z) + (V- 5i)(z) = Oupr + /th(x,y) dy=0.
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Inspiration: The numerical upwind scheme

What is the nonlocal analog of the continuity equation:
Opr +V -3 =0
Je(x) = pr(x)ve(x) 7

Fluxes j; are defined on edges (z,y) € G and the divergence is nonlocal

Oipi(z) + (V- 5i)(z) = Oupr + /th(x,y) dy=0.

Given a nonlocal vectorfield v, : G — R: velocity of a particle going from x to y.

What is the flux j; induced by the vectorfield v, given p;?
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Inspiration: The numerical upwind scheme

What is the nonlocal analog of the continuity equation:
Otpt +V -j: =0
Jio(x) = pe(w)ve(2) 7

Fluxes j; are defined on edges (z,y) € G and the divergence is nonlocal

0upu(@) + (V&) = g + [ ile)dy =0
Q
Given a nonlocal vectorfield v, : G — R: velocity of a particle going from x to y.
What is the flux j; induced by the vectorfield v, given p;?
Problem: Choice is not canonical and has a lot of influence on the resulting dynamic.
So far' a general mean multiplies the velocity: 5 (z, y) = 0(p:(x), pe(v))ve (2, y)

Choice is reasonable for diffusive equations, but not suitable for first order ones.

1[Maas '11], [Mielke 11], [Chow, Huang, Li, Zhou ’12], [Erbar ’14]
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Inspiration: The numerical upwind scheme

What is the nonlocal analog of the continuity equation:
Otpt +V -j: =0
Jio(x) = pe(w)ve(2) 7

Fluxes j; are defined on edges (z,y) € G and the divergence is nonlocal

Ospi(x) + (V- ji)(x) = Oppr + /th(x,y) dy=0.
Given a nonlocal vectorfield v, : G — R: velocity of a particle going from x to y.
What is the flux j; induced by the vectorfield v, given p;?
Problem: Choice is not canonical and has a lot of influence on the resulting dynamic.
So far' a general mean multiplies the velocity: 5 (z, y) = 0(p:(x), pe(v))ve (2, y)
Choice is reasonable for diffusive equations, but not suitable for first order ones.
Upwind flux: Set (a)+ = max{0,a} and (a)— = max{0, —a} and define

je(z,y) = (p(x)v(@,y)+ — p(y)o(e,y)-)n(z, y)uly) -
1[Maas '11], [Mielke 11], [Chow, Huang, Li, Zhou ’12], [Erbar ’14]
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Upwind continuity equation and upwind transportation metric (nonrigorous)

If {p:}¢>0 has a density p. < u seek for solutions to

Oupe(x) + /Q(pt(w)vt(w,yh = pe(y)oe(z,y)-)n(z,y)du(y) =0.  CE
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Upwind continuity equation and upwind transportation metric (nonrigorous)

If {p:}¢>0 has a density p. < u seek for solutions to

Oupe(x) + /Q(pt(w)vt(w,yh = pe(y)oe(z,y)-)n(z,y)du(y) =0.  CE

Tentative definition of upwind transportation metric via Benamou-Brenier

{/ // lve(@,y)+ I pe(x) + |ve(@,m) - P pe(y Nn(z,y) du(z) du(y) dt}

(p,v)€CE(p07p1)
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Upwind continuity equation and upwind transportation metric (nonrigorous)

If {p:}+>0 has a density p; < i seek for solutions to
0upu(2) + [ (o)) = pi(w)on(w) Yo ) dulw) =0 CE
Q
Tentative definition of upwind transportation metric via Benamou-Brenier

{/ // lve(@,y)+ I pe(x) + |ve(@,m) - P pe(y Nn(z,y) du(z) du(y) dt}

Formal nonlocal Otto calculus leads to the nonlocal interaction equation (NLIE):
vy = —V% = —VK % pwith VV(z,y) = V(y) — V(z) gives

(p,v)ECE(Poypl)

Depe(x) +/Q(pt(xW(K *p)(z,y) - — pe(y) V(K * p)(z, y)+)n(x,y) du(y) =0,
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Upwind continuity equation and upwind transportation metric (nonrigorous)

If {p:}+>0 has a density p; < i seek for solutions to
0upu(2) + [ (o)) = pi(w)on(w) Yo ) dulw) =0 CE
Q
Tentative definition of upwind transportation metric via Benamou-Brenier

{/ // e, 9)+ 21 () + ve (. 9) -1 () (., y) da() dpy) dt}

Formal nonlocal Otto calculus leads to the nonlocal interaction equation (NLIE):
vy = —V% = —VK % pwith VV(z,y) = V(y) — V(z) gives

(Pa”)GCE(PmPl)

Depe(x) +/Q(pt(xW(K *p)(z,y) - — pe(y) V(K * p)(z, y)+)n(x,y) du(y) =0,

Today:
B Variational framework for (NLIE) based on upwind transportation metric
B Stability under graph limit n — oo such that u™ = p
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Rigorous definition and setup

Difficulties:

B p might contain atoms, even if 1 is Lebesgue
= measure valued framework
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Rigorous definition and setup

Difficulties:

B p might contain atoms, even if n is Lebesgue
= measure valued framework

B Benamou-Brenier functional is not convex in (p¢, v¢)
= flux variables
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Rigorous definition and setup

Difficulties:

B p might contain atoms, even if n is Lebesgue
= measure valued framework
B Benamou-Brenier functional is not convex in (p;, v:)
= flux variables
B Q might be non-compact, for instance R¢
= need to ensure tightness/integrability: p € P2(£2), n has certain moments
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Rigorous definition and setup

Difficulties:

B p might contain atoms, even if n is Lebesgue
= measure valued framework

B Benamou-Brenier functional is not convex in (p;, v:)
= flux variables

B Q might be non-compact, for instance R¢
= need to ensure tightness/integrability: p € P2(2), n has certain moments

B 7 might be singular towards diagonal
= want for suitable choice (1, %) the local limit

/ |W<x,y>!2n5<m,y>du<y>dp(x):

V(@) - V)|

FEOZYI e of ) dut) dp(o) = [ 19V @) dnto)

Expect only uniform integrability of [, |z — y[*n° (2, y) du(y)
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Nonlocal continuity equation and action

Nonlocal continuity equation in measure valued flux form

A pair (pt, jt)icjo,r) € CEr provided that (p:, j:) € P(2) x M(G) for all t € [0, T7:

Ot +V -4 =0 in C([0,T) x Q)*

Thatis V - j is adjoint of Vo(z, y) = ©(y) — () defined by

/OT/Qat@t(m)dPt(m)dt—i—/()T//Gﬁwt(w,y)djt(m’y)dt:0.

|Veo(z,y)| < lleller@)(2 A |z — y|) = well-defined under integrability condition

/oT //G(z/\ lz —yl) dlje| (2, y) dt < 4o0.

> il
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Nonlocal continuity equation and action

Nonlocal continuity equation in measure valued flux form

A pair (pt, jt)icjo,r] € CEr provided that (p:, j:) € P(2) x M(G) for all t € [0, T7:

Oupt +V -4 =0 in C°([0,T) x Q)*

Set dpi(z,y) = n(z,y) dp(z) du(y) and dpz(z, y) = n(z, y) du(z) dp(y)
For j € M(G), set |\| = |p1] + |p2| + |j| € MT(G) and define

L dj dpn _dj dpe
A(p,J)—//G (O‘(d|)\|’d|)\|)+a( dlAI’dIAI>)d|>\|'

Hereby, the Isc convex, and pos. one-homogeneous function « is defined by

!
U™ it > 0,

a(f,r) =40 ifj=0andr =0, with j+ = max{0, 5} .
+o0o ifj#0andr =0,
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Finite action leads to upwind flux

Let (p,7) € P(Q2) x M(£) such that A(p, j) < oo, then:
B there exists a measurable nonlocal vectorfield v : G — R such that

dj(z,y) = v(z,y)+n(z,y) dp(z) du(y) — v(z,y)-n(z,y) du(z) do(y) ,
and it holds

Alp, §) = / /G ([0, 9)+ 17 dr (2, 9) + (@, 9)— [ dpa(,2)) -

B there exists an antisymmetric j¢° € M$°(G) such that

<

-j=V-34%, thatis // V¢dj = // V¢dji* Vo e CF(Q),
G G
and an antisymmetric v*° : G — R with

Alp,§°°) = 2 / /G 0% (2, )+ > dbr (2, 3) < Ap, 5).

André Schlichting e Meanfield limits and the upwind transportation metric e June 06, 2019 e Page 7 (18) iam



Lower semicontinuity and integrability

Assumption (weight function)

The p-measurable nonnegative symmetric Isc. function n: G — R satisfies:

m for some C), € (0, 00)

s / (= — 3% V& — 9/*) e, %) dis(y) < Cy -
zeQ JQ
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Lower semicontinuity and integrability

Assumption (weight function)

The p-measurable nonnegative symmetric Isc. function n: G — R satisfies:

m for some C), € (0, 00)

s / (= — 3% V& — 9/*) e, %) dis(y) < Cy -
zeQ JQ

Consequences:
B Lower semicontinuity: If p™ = pin P(Q) and 5™ = j in Miec(G), then

B Integrability of flux: For p € P2(Q2) and j € M(G) it holds

//Gm & — y1) Iz, ) < 2/Co(Ma(p) + DVA(p.3) -

= well-posedness of CE!
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Continuity equation

Continuity equation in measure valued flux form

A pair (pt, jt)iejo,r) € CEr provided that (p:, j:) € P2(2) x M(G) forall ¢ € [0, T]:
Opt +V -4 =0 in C.([0,T) x Q)*

Thatis V - j is adjoint of Vo(z, y) = ¢(y) — () defined by

/OT/Q&@t(x)dPt(m)dt—i—/{)ngﬁwt(w,y)djt(myy)dt:0.

|Veo(z,y)| < lleller@)(2 A |z — y|) = well-defined under integrability condition

/oT //G(z/\ lz —yl) dlje| (2, y) dt < +oo.

B Existence of measure valued weakly continuous solutions
B {00 },en C P2(2) with sup,, oy M2(pg) < +oo and (p™,3") € CEr such that
sup,, fOT A(pt', ji') dt < +oo, then also sup, ¢ (o, 7 Sup, e M2(pi') < +o0.

> il |
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Compactness of solutions to CE

Assumption (weight function)

The pu-measurable nonnegative symmetric Isc. function n: G — R satisfies:

B The measure 7(-, -) du is uniformly integrable close to diagonal, that is

hmsup/ 5 — P ) A = 0, Bull) = [y = D o — ] < =)
Bs(z)

e=0,cq
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Compactness of solutions to CE

Assumption (weight function)

The pu-measurable nonnegative symmetric Isc. function n: G — R satisfies:

B The measure 7(-, -) du is uniformly integrable close to diagonal, that is

hmsup/ 5 — ol e =0, L) = o & Dot |5 — ] < =)
e ()

e=0,cq

Compactness: Let (p™,5") € CEr for each n € N such that

T
sup Ma2(py) < oo and sup/ A(pt', i) dt < +oo.
nelN 0

Then, there exists (p, 7) € CEr such that
pr — pr inP2(Q)forallt € [0,T]
J* G in Mie(G x [0,T)).

Moreover, the action is lower semicontinuous

T T
twinf [ A7) de > [ Al
0 0

n——+oo
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Upwind transportation metric

|
For po, p1 € P2(f2) the nonlocal upwind transportation quasimetric is defined by

T(po, p1)* = inf{ / Alpe, 32)dt : (p,5) € CE<po,pl>}.

Properties:
B The infimum is attained for (p, §) € CE(po, p1) with A(p:, 5:) = T (po, p1)*.

B Comparison with Wasserstein W1 (p°, p') < 2/Cy, /T (p°, p).
= topology is stronger than W.

T is jointly weakly™ lower semicontinuous.
T is a quasimetric on P2 (2 ) in particular it is in general non-symmetric!

]
[]
B {pihiepa) € AC(0, 1; (P2(Q), 7)) iff [} \/Alpr, 3¢) dt < 0.
B Forp e P2(Q2) holds 5 € TPPQ(Q) iff 7 < p and

L2 (p)

_dj
- dﬁl c (Q)}
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Two-point space

Fix the graph 2 = {0, 1} with 5(0,1) = n(1,0) = o > 0, x(0) = p € (0,1) and
(1) =g € (0,1) such that p+ ¢ = 1. For all p, v € P(2) with p, v < p it holds

e
\/Lafq(\/%—\/v_o), if1/0<p0.

T(pv V) =
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Finslerian geometry and gradient flows

By previous representation: Associate to (p:)ic(0,1] € AC(0, 1; (P2(£2), 7)) an
antisymmetric (w¢):c(0,1) such that (p¢, j¢)iejo,1; € CE and

dje(z,y) = we(z,y)+ dp1(z,y) — we(z,y)- dp2(z,y) -

The geometry induced by 7T is Finslerian:
= inner product in tangent space depends on p and w € T,P2(2)!

Finslerian inner product

For w € T,P2(2) define gp,.. : T, P2(2) x T,P2(22) — R by

G (1 0) = / /G (e, Y0, 3) (w0 (@ ) 4512 8) + Xgweo (@) db2(, 1))

— define gradient flow for interaction energy £ in terms of curves of maximal slope

Attention: In the present setting the dissipation of a AC-curve will depend on w;!
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Chain rule and curves of maximal slope

Recall: interaction energy £
E(p) = %/ K(z,y) dp(z) dp(y) -
QxQ
Assumption: The potential K : 2 x Q — R satisfies
(K1) K € C(22 x Q);
(K2) K is symmetric, i.e. K(z,y) = K(y,z), forall (z,y) € Q2 x Q;
(K3) for some L > 1 and for all (z,y), (Z,9) € Q2 x Q

|K(x,y) - K(‘rlay/” <L (|($,y) - (i}ﬂ” \ |(£L‘7y) - (575)‘2) .

local Lipschitz and at most quadratic growth
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Chain rule and curves of maximal slope

Recall: interaction energy £

E(p) = %/Q QK(%y) dp(z)dp(y) -

Assumption: The potential K : 2 x Q — R satisfies
(K1) K € C(22 x Q);
(K2) K is symmetric, i.e. K(z,y) = K(y,z), forall (z,y) € Q2 x Q;
(K3) for some L > 1 and for all (z,y), (Z,9) € Q2 x Q
K (z,y) — K(«',9)| < L (|(z,9) = (& D) V [(z,9) — (& 7)) -
local Lipschitz and at most quadratic growth

Let p € AC(0,T; (P2(2), 7)), thenV0 < s <t < T

t — & . t &
5(pt)—5(ps)=/ //GV%(w,y)dJT(%y)dT:/ ng,w7<V$,wT> dr
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Chain rule and curves of maximal slope

Chain rule
Let p € AC(0,T; (P2(2), 7)), thenV0<s<t<T

¢ —6E . ¢ —6E
5(pt)—5(ps)=/ // V*(x,y)dyf(fc,y)dT=/ Gpr wr (Vf,wf) dr
s G 6p s (Sp

Curves of maximal slope: For any p € AC(0,T’; (P2(2),T)) holds

e 5 =o€ e
£r) = ) 2 5 [ g (T T3 Jat = 5 [ g (o,
0 0

with equality iff w, = —V 252t = VK « p,
= Define the nonnegative de Giorgi functional by

T T
Gr(p) = E(pr) + E(m) + 5 [ Dlprw)dt+ 5 [ Alprwn)de >0,
0 0

where

(,y)| (Xgwe>01 (T, y) dp1 (2, y) + X{uw, <0} (@, y) dp2(z,y)) -
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Variational characterization of solutions

The de Giorgi functional gives a variation characterization of solutions to
Op+V-j=0 in Co([0,T] x Q) (NLIE)
where the flux j is given by

dj(z,y) = V(Kx*p)(z,y)-n(z,y) dp(z) du(y) =V (K*p)(z,y) 1 n(z,y) dp(y) du(z) .

Curves of minimal slope characterization

Let (pe)eefo,r) € AC?(0, T; (P2(R2), T)) be such that [ D(pr, we) dt < oo, then
m Gr(p) >0
B Gr(p) = 0iff (pt)¢cio,r) is @ weak solution to (NLIE).
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Variational characterization of solutions

The de Giorgi functional gives a variation characterization of solutions to
Op+V-j=0 in Co([0,T] x Q) (NLIE)
where the flux j is given by

dj(z,y) = V(Kx*p)(z,y)-n(z,y) dp(z) du(y) =V (K*p)(z,y) 1 n(z,y) dp(y) du(z) .

Curves of minimal slope characterization

Let (pt)scjo,r) € AC(0,T; (P2(2), T)) be such that [} D(pe, we) dt < oo, then
m Gr(p) >0
B Gr(p) = 0iff (pt)iejo, 1) is @ weak solution to (NLIE).

B Minimizers exist by direct method, however not necessarily global!
= ToDo: redo the minimizing movement scheme in the quasimetric setting

B Alternatively: Existence of solutions for (NLIE) via classical fix-point argument
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Stability with respect to graph approximations

Let u™ € M(Q) be such that ™ = 1 and define

n 7 70 1 T n n =T 1 T n =T
Gi (") = (i) — ) + 5 [ [ Ayt 5 [ pGr e,
0 0

where A™ and D" are defined with base measure p".
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Stability with respect to graph approximations

Let u™ € M(Q) be such that ™ = 1 and define

n n Ul 1 T n oo . .
i) = £t~ slon + 3 [ Atanyae+ ([ Dot ar,
0

where A™ and D" are defined with base measure "

Stability of gradient flows a la Sandier-Serfaty

Let p™ € AC?(0,T; (P(Q), T.n)) such that sup,, GZ(p™) < oo.
Then, there exists p € AC?(0,T; (P(S2), T,.)) such that

pr = pr inPa(Q) forae. t €[0,T]
J" 24 in Mioe(G x [0,T])
T T
timint [ A" 57t > [ Al at
" 0 0
T T
timint [ D" (o7, 37) de z/ D(pr, o) dt .
n 0 0

In particular weak solutions of (NLIE) with base measure p™ converge to ones wrt. y.

André Schlichting e Meanfield limits and the upwind transportation metric @ June 06, 2019 e Page 16 (18) ' |IaI|ITI1 |



Open questions / Future work

B convexity vs. contractivity vs. stability
= in Finslerian geometry become different concepts [Ohta-Sturm ’12]

B EVI formulation leading to well-posedness

B minimizing movement schemes (JKO)
= extend classical theory to quasimetric setting and beyond

B local limit § — 0 to obtain interaction equation
B diagonal limits: N — oo and § — 0 to obtain even different PDEs

B Free energies including entropies

&) = o [ 1ogp(a) dota) + 5 [ [ K () dp(o) dp(w)

For o > 0 expect a Scharfetter-Gummel gradient structure

B Applications/inspiration through other numerical (finite-volume) schemes

André Schlichting e Meanfield limits and the upwind transportation metric e June 06, 2019 e Page 17 (18) L!IITI] |



Open questions / Future work

B convexity vs. contractivity vs. stability
= in Finslerian geometry become different concepts [Ohta-Sturm ’12]

B EVI formulation leading to well-posedness

B minimizing movement schemes (JKO)
= extend classical theory to quasimetric setting and beyond

B local limit § — 0 to obtain interaction equation
B diagonal limits: N — oo and § — 0 to obtain even different PDEs

B Free energies including entropies

E(p) = /logp / K(z,y)dp(z) dp(y)

For o > 0 expect a Scharfetter-Gummel gradient structure

B Applications/inspiration through other numerical (finite-volume) schemes

Thank you for your attention!
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B [Erbar '14] Jump processes —(—A)"/2 fora € (0,2).
m [Disser, Liero '14] Passage from Markov chains to Fokker-Planck

B [Erbar, Fathi, Laschos, S. ’16] Mean-field limit
from weakly interacting Markov chains to nonlinear Markov chains
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All these works are built around of gradient flows for (relative) entropies:

o 0w 1
Fop") = > o (wi)log p" (w) + 55 D K (i, w5)p" ()" (x5)
i=1 i#j
Goal: Want to consider o = 0!
Problem: Impossible to pass to the limit o — 0 in the nonlocal metrics from above.
= using nonsymmetric gradient structures seems to be unavoidable.
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