ENTROPIC CURVATURE AND CONVERGENCE TO EQUILIBRIUM
FOR MEAN-FIELD DYNAMICS ON DISCRETE SPACES

MATTHIAS ERBAR, MAX FATHI, AND ANDRE SCHLICHTING

ABSTRACT. We consider non-linear evolution equations arising from mean-field limits
of particle systems on discrete spaces. We investigate a notion of curvature bounds for
these dynamics based on convexity of the free energy along interpolations in a discrete
transportation distance related to the gradient flow structure of the dynamics. This
notion extends the one for linear Markov chain dynamics studied in [21]. We show
that positive curvature bounds entail several functional inequalities controlling the
convergence to equilibrium of the dynamics. We establish explicit curvature bounds
for several examples of mean-field limits of various classical models from statistical
mechanics.

1. INTRODUCTION

This work is about long-time behavior for mean-field systems on discrete spaces. Mean-
field equations describe the large-scale limit of interacting particle systems where the
total force exerted on any given particle is the average of the forces exerted by all other
particles on the tagged particle. They are used to describe collective behavior in many
areas of sciences. Examples include the modeling of granular flows in physics [2] and
collective behavior and self-organization for groups of animals [16, 11]. We refer to [36]
for an introduction to the mathematical theory.

One of the important questions in the mathematical analysis of these equations is their
long-time behavior. In [9], Carrillo, McCann and Villani obtained quantitative bounds
on the rate of convergence to equilibrium for McKean-Vlasov equations in a continuous
setting of the form

Op =V -[pV(S'(p) +V + W xp)]

under strong convexity assumptions on the potentials S, V and W. The core idea
underlying their method was the fact that the PDE has a gradient flow structure, i.e. it
can be recast as a gradient descent equation d;p = —V F(p) of the free energy functional
F(p)=[S(p)+ JVdp+ [W xpdp in the space of probability measure with respect to
the Kantorovitch-Wasserstein distance W5, which has a formal Riemannian description
via Otto calculus [32, 33]. The use of such structures in the study of long-time behavior
comes from the fact that as soon as the driving functional satisfies some uniform convexity
property (with respect to the particular metric structure), it must decay exponentially
fast towards its minimal value along solutions of the evolution equation. Moreover, we can
use convexity to derive strong functional inequalities relating the distance, the entropy
functional and the entropy dissipation functional [33].
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1.1. Setup and main results. Our main motivation here is to adapt the approach of
[9] to mean-field equations in a discrete setting. We consider discrete mean-field dynamics
of the form

fi(t) = p)Q(u(t)) , (1.1)
where p is a flow of probability measures on a finite set X and (Q(¢t)zy)zyex is a
parametrized collection of Markov kernels. These dynamics naturally arise as scaling
limits of interacting particles systems on graphs where the interaction only depends on
the normalized empirical measure of the system (which indeed corresponds to mean-field
interactions). They generalize linear Markov chains on discrete spaces, which orrepsond
to the case where @) is a constant Markov kernel, independent of .
While the Wasserstein gradient flow approach works well on continuous spaces, it fails
in the discrete setting, since the Wasserstein L2-transport distance does not admit
any non-trivial absolutely continuous curve. In our previous work [19], we derived a
gradient flow structure for (1.1) by replacing the role of the Wasserstein distance with a
distance W constructed via a suitable modification of the Benamou-Brenier formula for
optimal transport, extending similar earlier results for linear reversible Markov chains
obtained in [29, 31, 13]. Under the condition that the rates @) are Gibbs with a potential
K :P(X)x X — R (see Assumption 2.1), i.e. Q(u) is reversible with respect to a local
Gibbs measure of the form 7, (u) = Z(u) "t exp(—H,(p)), with H, given in terms of
the potential K, we showed that this dynamic is the gradient flow of the free energy
functional

]:(:UJ) = Z pa 10g fig + U(H)’ with U(M) = Z Mz Kz(,u)v (1'2)
reX zeX

with respect to the distance W on the simplex of probability measures on X, see
Proposition 2.2. This built up on previous works [4, 5] that showed that F is indeed a
Lyapunov functional for the flow. An archetypical example, which we shall discuss in some
details later on, is the classical Curie-Weiss model, which corresponds to a mean-field
dynamic on a two-point space. Already this easy model exhibits interesting behavior,
such as a phase transition at an explicit critical value of a temperature parameter.

In the present work, we exploit this gradient flow structure to analize the long-term
behaviour of (1.1) inspired by the approach in [9] by investigating convexity properties
of the free energy along discrete optimal transport paths for a non-linear Markov triple
(X,Q, ) as above. Following the works of Lott, Sturm and Villani [28, 35] for metric
measure spaces and [21, 31] for linear Markov chains, we make the following

Definition 1.1 (Entropic Ricci curvature lower bound). We say that (X, @, 7) has Ricci
curvature bounded below by k € R (for short Ric(X,Q) > k) if for any W-geodesic

(11t) 0,1

Flue) < (L= F (o) +tF () = FHL = )W (po, p)” -

We will show, see Theorem 3.7, that Ricci curvature lower bounds can be characterized
in terms of a discrete Bochner-type inequality by deriving the Hessian of F in the
Riemannian structure W, as well as in terms of the Evolution Variational inequality
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EVI,, for the solutions to (1.1):

1d* o K 9

3 g Ve )™+ oW, v)” < Fv) = Flu) -

Further, we will show that a positive lower bound on the Ricci curvature entails a number
of functional inequalities that control the convergence to equilibrium of the mean-field
systems. These involve a discrete Fisher information functional Z : P(X) — [0, co] given

by

I(:“’) = %Z @(MxQxy(:U’)v MyQyz(H)) ) @<a7 b) = (a - b)(loga - 10g b) )
T,y

which arises from the dissipation of F along solutions to (1.1) as %]—" () = —Z(pt). One
of our main results is the following theorem which can be seen as a discrete analog of [9,
Thm. 2.1].

Theorem 1.2. Assume that Ric(X,Q,7) > A for some A > 0. Then the following hold:

(i) there exists a unique stationary point ©* for the evolution (1.1), it is the unique
minimizer of F. Let F.(-) == F(-) — F(7*);

(ii) the modified logarithmic Sobolev inequality with constant A > 0 holds, i.e. for
all p e P(X),

1
Fulw) < 532w ; MLSI(})
(iii) for any solution (u¢)i>o to (1.1) we have exponential decay of the free energy:

Fulp) < e M Folpo) ;
(iv) the entropy-transport inequality with constant A > 0 holds, i.e. for all p € P(X),

Wip,m) <\ S Feln) ET(\)

1.2. Examples. We will establish explicit curvature bounds for several examples of
(relatively simple) mean-field dynamics, such as the Curie-Weiss model, zero-range
mean-field dynamcis and misanthrope processes. We compute a formula for the second
derivative of entropy along geodesics, and generalize techniques developed in [22, 20] to
the present non-linear situation in order to bound for bounding this second derivative.
The nonlinearity of the dynamic gives rise to several extra terms when computing the
Hessian of the free energy functional, which complicates the analysis.

In the case of the Curie-Weiss model, we will show that a positive lower curvature bound
holds down to the critical temperature, see Section 5.1.

Another particular family of dynamic we shall be interested is when the flux of particles
from some site  to a site y is a function of the particle density at site y, that is f(c,). In
the situation where f is constant, this would correspond to the scaling limit of independent
particles on the complete graph. As in [22, 20|, our approach is in some sense perturbative
in nature, and we shall consider rates of the form f(r) =T + g(r), and show that if g
is not too large in some sense, relative to T', then we can derive a rate of convergence
to equilibrium. This is inspired by recent work of Villemonais [39], who proved that
the N particle system has a positive Ollivier-Ricci (or coarse Ricci) curvature (another
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notion of curvature, corresponding to a contraction rate for the Markovian dynamic)
independently of the system size, and hence converges to equilibrium in L? distance, via
a uniform estimate on the Poincaré constant of the dynamic. Our approach has the
advantage of yielding rates of convergence in relative entropy via Theorem 1.2, which is
a strictly stronger notion of convergence.

1.3. Connection to the literature. The approach of [9] was later extended to other
potentials [10, 3]. Other approaches developed later include using uniform convergence
estimates for a stochastic particle approximation [12] and coupling arguments [17, 18].
Without convexity, deriving rates of convergence can be quite delicate, since there may
be multiple equilibria [38], unlike what happens for linear diffusions.

Our approach developed here builds on earlier work [29, 31, 13] contructing gradient flow
structures for linear Markov chain dynamics and [21] studying Ricci curvature and its
impact on functional inequalities in this context. It is also related to, but different from
the one developped in [26], which uses convexity of the entropy along a different type
of paths, the so-called entropic interpolations, rather than geodesic paths, to establish
functional inequalities involving relative entropy. In the continuous setting, entropic
interpolations are regularizations of geodesics in Wasserstein space, but in the discrete
case it seems that the entorpic interpolations of [26] are related to a gradient flow structure
different from the one of [19] we use here.

Organization. The plan of the paper is as follows. Section 2 introduces the mathematical
framework we shall work in. Section 3 introduces the notion of curvature bounds in our
setting, and contains the computation of the Hessian for general dynamics. Section 4
investigates the consequences of Ricci curvature bounds in terms of functional inequalities
and convergence to equilibrium for the nonlinear dynamics. Finally, Section 5 investigates
curvature bounds for several examples of mean-field dynamics inspired by classical models
of statistical physics.

2. SETUP

2.1. Gradient-flow formulation. The main definitions and results from [19] on which
this work will build are collected in this section. The gradient flow structure of (1.1) is
based on the existence of a suitable potential, which is ensured by the following constraint,
which we shall assume to hold throughout the article. We recall that a rate matrix @ of
a Markov chain in the continuous time setting satisfies

Vl‘#le‘yZO and sz:_ZQxy-
yF

Assumption 2.1. Let K : P(X) x X — R be such that for eachx € X, K, : P(X) = R
is a twice continuously differentiable. Let {Q(n) € RXXX}Mep(X) be a family of rate
matrices that is Gibbs with respect to the potential function K, i.e. for each u € P(X),
Q(p) is the rate matriz of an irreducible, reversible ergodic Markov chain with respect to

the probability measure

wa(0) = i esp(Ha(w) 21)
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0

Ulp)  and UG =Y pola(p) (22)
TEX

In particular Q(u) satisfies the detailed balance condition with respect to w(u), that is for
all v,y € X

T (1) Quy (1) = 7y (1) Qe (12) (2.3)

holds. Moreover, we assume that for each x,y € X the map p — Quy(p) is Lipschitz
continuous over P(X).

We will refer to the triple (X, @, ) as above for short as a non-linear Markov triple.
The specific form of (2.1) with (2.2) emerges from the detailed balance condition of
an underlying N-particle system, from which the dynamics we are interested arise in
the limit N — oo (see [19]). Associated to a non-linear Markov triple (X, Q, ) is the
non-linear master equation

a(t) = u(HQu()) (2.4)
which is the deterministic evolution equation describing the mean-field limit of the
underlying particle system. Based on the above assumption a gradient flow formulation
of (2.4) is established in [19, Proposition 2.13] as we shall briefly recall.
Consider the Onsager operator Klu] : T;P(X) — T, P(X) given by

Klhe) 1= 5 37 A Quy (1), 1y Que (1)) () — ()

where A(a,b) = fol al=sbds = ﬁ is the logarithmic mean. Then the master
equation can be written in gradient flow form using the functional F from (1.2):

d

L = —K[u DF () - (2:5)

In other words, (2.4) is the gradient flow of F with respect to the Riemannian structure
on P(X) induced by the metric tensor [u]~!. Since this Riemannian metric degenerates
at the boundary of P(X) we note the following characterization in metric terms. We
consider the distance function on P(X) that is formally induced by the Riemannian
metric K[u] ™1, i.e. for po, u1 € P(X) we set

1 1/2
W( o, = inf / Al e, dt)
(NO Hl) (u,leI)lECE< A (Ht ¢t)

where CE is the set of curves (uy, ¢t)te[0,1] with t — p; continuous, ¥ measurable and
integrable in time, and satisfying the continuity equation

fre = Kl (2.6)
in distribution sense, and the action functional A is given by
1
Al ) = (0, Klplv) = 5 D (1) = ¥(2)* MptaQuy (1), 1y Qua (), (27)
x7y

Proposition 2.2 (Gradient flow structure of the mean-field system). Let (X,Q, ) be
a non-linear Markov triple satisfying Assumption 2.1. Then any solution to (2.4) is a
gradient flow of F with respect to the distance VV.
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The distance W and the above gradient flow structure are extensions of the discrete
transport distance constructed in [29] and the gradient flow structure of linear Markov
chains to the non-linear case. See [19, Section 2.3] for more background on the construction
of the distance W.

An immediate consequence of the gradient flow formulation (2.5) is the free energy
dissipation relation established in [19, Remark 2.14]:

t
F(pe) +/ Z(ps)ds = F(po) for any t > 0. (2.8)
0
Here, the discrete Fisher information or dissipation Z : P(X) — [0, 0] is defined by
% > G(NmQxy(M)a ,UyQym(N)) , for p e Pr(X)
I(p) =4 (@yeEB, , (2.9)
400, else

with © : R4 x Ry — Ry defined by O(a,b) = (a — b)(loga — logb). In this framework,
the Fisher information can be reinterpreted as the squared modulus of the gradient of
the entropy with respect to the discrete transport metric W, i.e. we have

Z(p) = (DF (), K[u]DF (1)) -

2.2. Notation. We will use the following notation throughout the paper.
Given a function 1) € RY we will denote by Vi € RY*? its discrete gradient, given by

V%y = wy — Py
For a function ¥ € RY*? we denote by V - ¥ its discrete divergence, given by
1
(V- W), =3 > Wy — Wy,
yeX
For ¢, ¢ € RY and ¥, ® € RY*? we will denote the Euclidean inner products by
1
<¢7¢> = Z Ve Py <\Il’ (I)> = 5 Z \I/:vy(I)my .
reX T,yeX

Then we have the integration by parts formula

For a functions ®, ¥ in , we denote by @ - ¥ the componentwise product. Using the
shorthand notation A(p)zy := A(pzQ (1) 2y, ty@Q(1t)yz) We can thus write the continuity
equation (2.6) and the action functional (2.7) compactly as

it + V- (A(pe) - Vo) =0, A, ) = (Vb A(p) - V)

We will switch freely between notations for the components of functions 1 € R?,
U € RY*Y as 4, ¥,y or 9(x),¥(z,y) depending on what is more readable in the
presence of other indices, e.g. a time parameter t.

RXXX
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2.3. Equilibria and qualitative longtime behavior. From the gradient flow formu-
lation, it is straightforward to obtain the following characterization of stationary states,
which is completely analog to the McKean-Vlasov equation on R" [8, Proposition 2.4
and Corollary 2.5].

Proposition 2.3 (Characterization of stationary points). Let (X,Q,m) be a non-linear
Markov triple satisfying Assumption 2.1. Then, the following statements are equivalent:
(1) T is a stationary solution to (1.1), that is T*Q(7*) = 0.
(2) ©* is a fixed point of the map p— m(w) (2.1), that is 7 = w(7*).
(3) ©* is a critical point of F (1.2) on P(X).
(4) 7 is a global minimizer of T (2.9), that is Z(u*) = 0.
The set of all stationary points ©* is denoted by IT*.
Moreover, it holds that II* C P*(X), i.e. each stationary point has strictly positive
density.

Proof. (1)&(2): Let 7*Q(7*) = 0. The rate matrix Q* = Q(7*) is by assumption the
rate matrix of an irreducible reversible Markov chain with unique reversible measure
m(7*). In particular, it is also the unique stationary solution to 7(7*)Q* = 0 and hence
7 =m(r*). If 7" = w(7*), we calculate using the local detailed balance condition (2.3)

and find
Z Ty Quy () = Z T (%) Quy (77) = Z Ty () Qya (1) = 0,
reX zeX zeX

since () is a rate matrix.

(2)&(3): Take p € P*(X) and any v € P(X). Let us = (1 — s)pu + sv the standard linear
interpolation. Then, it holds

d Ha
— F(ps = log pte = 1+ 0, U(p) ) (Ve — pa) = ) log Vo = Hz)
2T W) xez;(( U (1)) ( ) ZX L )

where we used the relations (2.1) and (2.2). Now, if y = 7* = w(7*) the right hand side
is zero and hence 7* a critical point if 7. On the other hand, if the right hand side is zero
for all v € P(X), it follows that pu, = Cm,(p) for a constant C. Since p, w(u) € P*(X),
we have that C' =1 and hence critical points are fixed points.

(2)&(4): Let o* = 7*(m). Since Z(p) > 0 for all p € P(X), we immediately find from the
local detailed balance condition (2.3) that Z(7*) = 0. Likewise, any global minimizer 7*
satisfies by the definition of Z that 7;Quy(7*) = 7, Qyz(7"), that is the local detailed
balance condition (2.3). Since again by assumption Q(7*) has the unique reversible
measure 7m(7*), we conclude that 7* = 7*(m).

Finally, the positivity follows from the definition of 7(x) in (2.1) and the assumptions
on K implying that H is finite. Hence, w(u) € P*(X) for all p € P(X) implies in
particular that 7(7*) = 7* € P*(X). O

Another useful information provided by the gradient flow information is the free energy
dissipation relation (2.8), which immediately shows that F is a Lyapunov function for the
evolution (1.1). By standard theory, we can conclude the following qualitative longtime
behavior.
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Proposition 2.4 (Convergence to stationary points). Let Q) satisfy Assumption 2.1,
then c(t) — ©* for some m* € II* as t — oo.

Proof. The proof follows along standard arguments from the theory of dynamical systems
(see for instance [37, Section 6]).

By Assumption 2.1, @ is Lipschitz on P(X), which implies by standard well-posedness for
ODEs, that the solutions (yu¢)¢>0 to (1.1) are globally defined and generate a semigroup
on P(X). The w-limit is given by

w(p) = {V € P(X) : p; — v for some sequence ¢; — OO} '

Since P(X) is compact, each orbit O (1) = U it for any pg € P(X) is also compact
in P(X) and the w-limit is non-empty and quasi-invariant, that is for v € w(pg) it holds
O*(v) C w(uo). Moreover, again thanks to the compactness of P(X) follows for any
po € P(X) that distp(x)(pe, w(po)) — 0 as t — oo (see also [37, Lemma 6.7]).

Since the free energy functional F is continuous on P(X’) and monotone along the flow,
it follows that w(ug) consists of complete orbits along which F has the constant value
F> = limy_y00 F (1) with vy € w(po). By the free energy dissipation relation (2.8), it
follows that for any vy € w(uo) and any ¢ > 0 we have

t
7ot [ Z)ds = 7
0

and hence the nonnegativity of Z and continuity of trajectories imply Z(v,) = 0 for all
s € [0,t]. Hence, w(pp) consists of all states v such that Z(v) = 0, which by Proposition 2.3
entails v € IT* and moreover also that v is a stationary solution vQ(v) = 0. g

Our purpose in this work can be summarized as giving sufficient conditions for which
the above statement on convergence to equilibrium can be made quantitative (but which
shall automatically enforce that IT* contains a single element).

3. CURVATURE FOR NON-LINEAR MARKOV CHAINS

In this section, we introduce a notion Ricci curvature lower bounds for non-linear Markov
chains based on geodesic convexity of the entropy. This generalizes the notion of curvature
for linear Markov chains developed in [21] inspired by the approach of Lott, Sturm and
Villani [28, 35] to a synthetic notion of lower bounds on Ricci curvature for geodesic
metric measure spaces.

Let (X, Q, ) be a non-linear Markov chain according to Assumption 2.1 and let F be
the associated free energy functional (1.2) and W the associated transport distance.

Definition 3.1 (Entropic Ricci curvature lower bound). We say that (X, @, ) has Ricci
curvature bounded below by k € R (for short Ric(X,Q) > k) if for any W-geodesic
(Mt)te[o,ui
K
F(p) < (1= )F (o) +1F (1) = 5 t(1 = )W (o, p12)* -

We will show that a lower bound on the Ricci curvature can be characterized equivalently
by a lower bound on the Hessian of the free energy functional F with respect to the
Riemanian structure on P, (X’) induced by W, or via an Evolution Variational Inequality
for the non-linear Markov dynamics.
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To this end, we first derive the geodesic equation for the distance W as well as an
expression for the first variation of the free energy.

Lemma 3.2 (Geodesic equation). Let (u)e(o,1] be a constant speed geodesic contained
in P«(X). Then the unique potential (1t)ie(o,1) such that (u,v) € CE solves

. 1
Yi(2) + §8u(z)<th7A(,ut) -Vipy) =0,

or explicitely

Pi(z) + ia,u(z) D (Wi(@) = e(y)) A () Qe w,y), e (¥) Qs y, ) =0, (3.1)

x7y
where 0,,(,) is the derivative with respect to p(z).

Remark 3.3. In the case of a linear Markov chain, where @ is independent of u, the
expression (3.1) simplifies to

di(2) + % > (Wr(2) = e () ? A A (e (2)Q(2, y), e () Q(y, 2)) Qlz,y) = 0,
Y

recovering the geodesic equation derived in [21, Prop. 3.4].

Proof. Since P,(X) is a smooth Riemannian manifold, uniqueness and smoothness of
geodesics imply that the curve p; is smooth, and that there exists a unique (up to
constants) potential 1, such that (u,1) € CE and achieves in the infimum for the action

) = [ Alrdt, A = (T, AG) - ),

and moreover 1) is then also a smooth curve. We will derive (3.1) as the corresponding
Euler-Langrange equation. So let pf € P, (X) for s € [—¢, €] be a smooth perturbation
of p such that u§ = po and pf = py for all s. Let 9] be the unique potentials such that
(u®,7?%) € CE. Note that v] is smooth in s and ¢. Then we have

T A =0, (3:2)

ds
We compute

d

1
TAG ) = [ AT AG) - 0.V + (V47 0A) - V) de
0

From the continuity equation we infer that for any ¢ € R*

(0, 0uOspui) = (&, 0s0iy) = (Vo, A1) - OsVg) + (V, OsA(1f) - V)
Plugging this into (3.2) for s = 0 and integrating by parts in t yields:
1
0= [ 2000, 0ulucon) + (T, Oul o () - Vi)
The claim then follows by noting that
(Vb Os|s=0A(17) - Vibr)

=> 8S|S=0/Lts(z)%au(z) D @) — e(y)) A (2) Qs 2, y), e () Qe y, )

m7y
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and using that the perturbation Osuf was arbitrary. O

In order to give convenient expressions for the first and second variation of the free
energy J along a geodesic, we introduce the following notation.
We set

Lap(z) =Y Q(uz,y)ty . Luo(y) = 0.Q(uiz,y), (3.3)
Yy x

and note that (L, 1, 0) = <f/ua, ), so f’u is the adjoint of L,. The master equation (1.1)
then reads [y = IA% ue. Note further that we can write

(¥, Lug) = =V, (Q(n)m (1)) - V) ,
where we set (Q(M)W(M))my = Q(p)zym (1), which is symmetric in z, y.

Lemma 3.4 (First variation of the free energy). Let (u,v) € CE be a solution to the

continuity equation. Then it holds
d
a7 ) = = (e L) - (3.4)

Note that when the curve is a solution to the gradient flow equation, the right-hand side
is indeed the discrete Fisher information, in accordance with (2.8).

Proof. Starting from the expression

F(u) = ulx)log p(x) +U(u)

recalling that 0, U(pn) = Hy(p) = —log my () — log Z (1), and setting py = pur/m(pet), we
obtain from the continuity equation

d .
() = 301~ log Z () + og pu(w) — log ma(11) ) Dypae(w) = (log pu, fur)

dt
= <V lOg Pt 5 A(/'Lt) : th> = —<,LLt ) Lut¢t> .

Here, we have also used in the last step that

M) e.9) = o) Qs )

and integrated by parts. U

To give an expression of the second variation of F, we further introduce the following
notation.

Let 0., Q(w; x,y) denote the partial derivative of Q(-;x,y) with respect to p.. Then we
write

DQ(p,05w,y) == Y 0, Qs x,y)o - (3.5)
zeX
Furthermore, let us write
M(p)Vip(z,y) ==y M(u; z,w,2,y)Vip(z,w) , where

M (5 2, w, 2, y) 1= pa M) (2,0) [0, Q1 %, y) — O, Q5 2,y)] - (3.6)
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Then, we set

AiN(p)(z,y) = A (e Qs 2, y), py Qs y, ) i = 1,2,

LA(p)(x,y) = A (p) (2, y) Lup(2) Qs 2, y) + 0o A (1) (2, y) Lupa(y) Q15 y, )
RA(p)(z,y) = O A(w) (2, ) () DQ(p, Lyups 2, y) + 02 A () (2, ) (y) DQ(p, Lypss y, ) -

Finally, we can define the following quantity:
1 ~
Blu, ¢) 1= 5{V, LA() - V) = (Vi Ap) - VL) (3.7)

+ %wzp, RA(1) - Vi) + (Vap, M() V)

Remark 3.5. Note that in the case of a linear Markov chain, the last two terms in the
definition of B vanish and we recover the formula of [21] for the second derivative of the
entropy along geodesics.

Lemma 3.6 (Second variation of the free energy). Let (u¢); be a W-geodesic contained
in P«(X) and let (1) be the unique potential such that (u,v) € CE. Then it holds

d2
dt?
Proof. From (3.4) we get

F(pe) = Hess F(pr) [Vihe] = B(pae, ¥t) -

d? d .
@‘F(M(t)) = _E<Lutﬂt’wt>

= _<[A/I~"t:ut7¢t> - </:Lt7L/Ltwt> - (/’Lt7 (atLNt)wt>
=L+1I,+I3.

To calculate Iy, first note that

8;1,(,2)A(:u') (.CU, y) = 81A(:U’)Q(M; x, y)(sxz + 32/\(#)@(#, Y, x)éyz
+ O A () ()0, Q13 7, y) + O2 A (1) 11(y) 0. Q115 y, )

where d,, denotes the Kronecker delta. Hence, we infer from the geodesic equation (3.1)
and (3.5) that

1 A 1
Iy = S (Ve LA(ue) - Vipe) + 5 (Vibe, BA(pe) - Vi) -
The continuity equation [ = —V - (A(¢) - Vi) readily yields that

Iy = —(V¢r, A(pe) - VL b))

To calculate I3, note that for any ¢ we have

OtLy ¢ = DQ (g, 1) = —DQ (uta Vo (A(p) - V¢t))¢ ,
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while for any p and ¢ we have
~(1,DQ (1. V - (A(n) - V) )¥)
= > 120, QUi y)[V - (M) V)] (2)Vib(x, )

xT,Y,z
=% Y a0 Qs 2, y) A1) (2, w) [Vip(w, 2) = Vib(z,w)| Vi (2, )
= _% Z Vi (z,y) Vb (z, w)pe A p) (2, w) [a,uzQ(M;iU,y) — OHwQ(M;x,y)}
T,Y,z,w
= — (Vi) M(u)V1) . (3.8)

Thus, we get I3 = (Viby, M () Vb)), As Iy + Io+Is = B(pu, ¥y), this yields the claim. [
We can now state the following equivalent characterizations of lower Ricci bounds:

Theorem 3.7. Let k € R. For a non-linear Markov triple (X,Q, ) the following
assertions are equivalent:
(1) Ric(X,Q,7) > K ;
(2) For all p € Pu(X) and ¢ € RY we have
B(u, ) > kA(p, ) -
(3) The following Evolution Variational Inequality EVI, holds: for all u,v € P(X)
and all t > 0:
1d*
2 dt
where u; denotes tAhe solution to the non-linear Fokker—Planck equation starting

from p, ie. fu = Ly, pe = peQ(pt) and po = pui;

By Lemma 3.6, (2) corresponds to a lower bound « on the Hessian of F in the Riemannian
structure on P, (X') induced by WW. Note that the equivalence of (1) and (2) is a non-trivial
assertion, since the Riemannian metric degenerates at the boundary of P(X).

W (e, v)? 4+ SW (e, v)? < F(v) = Fp) EVI,

Proof. The proof is based on an argument of Daneri and Savaré [15] suitably adapted
to the discrete setting. We can follow verbatim the proof of [21, Thm. 4.5] where the
analogue of Thm. 3.7 is proven for linear Markov chains. The core of the argument is a
variation of the action along the evolution equation, [21, Lem. 4.6]. To accommodate the
additional terms arising from the non-linear structure in the present situation, we have
to replace that lemma with Lemma 3.8 below. U

Lemma 3.8. Let {{1°}scp0,1) be a smooth curve in Pi(X). For eacht >0, let ui denote
the solution of the non-linear Fokker—Planck equation at time s +t starting from u® and
let {1/%8}36[0,1} be a smooth curve in RY satisfying the continuity equation

Ospy + V- (Apf) - Vi) =0,  s€[0,1].
Then the identity

1
5@«4(#?,1#?) + 0s F (i) = —sB(ug, ¥5)
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holds for every s € [0,1] and t > 0.

Proof. First of all, setting pj = Wéfs) we compute as in Lemma 3.4 that
t

A

OsF (i) = (og pi  Ospti) = —(Lyzpii » ¥7) -
Furthermore,
SO, U7) = 0747, MGV + 3 (V47 Ok (u) - V)
=L +1.
In order to further manipulate I; we first note that
O = s - f/uf,uf .
Further, we observe that for any ¢ € RY

(Vo, Mui) - 0 VY7) + (Vo 0N (1) - VT)
= (u, Luf¢> + 5(0spu, Luf ¢) + s{ut, asLuf¢> . (3.9)

To show (3.9), note that the left-hand side equals 0:0s(uf, ¢), while the right-hand side
equals 0s0:(uf, ). Integrating by parts repeatedly and using (3.9) we obtain

I = —(V7 , OA(]) - V7Y + (g Lushf) 4 s(0spsy, Lusthf) 4 s(ug, (OsLys )07
= 2Dy — OsF (1i3) + s(V; , M) - VLust7) + s(uf, (Os Lyus )5)

Thus, we arrive at
1
SOAGE 7 + OF (1)

(VU7 O Mpy) - Vi) + s(VU7 Mpf) - VL) + s(ufs (OsLyg )¥7) -

__ 1!
2
To conclude, it suffices to note that

OuN(uf) = s+ LA(ug) + s - RA(f) ,

further remark that for any ¢ we have
OsLys & = DQ(if, 0y )& = —DQ(1i5, V - (M) - V7)) 6,
and then use again (3.8). O

To end this section, we use Theorem 3.7 to give an expression of the optimal lower Ricci
bound on the two point space.

Lemma 3.9 (Two-point space). Let ({0,1},Q,n) be a non-linear Markov triple on
the base space X = {0,1} and let p(pn) == Q(p;0,1) and q(p) := Q(r;1,0) as well as
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P (1) = [0uy — O Ip(1) and ¢ (1) = [Opy — Ouola(pe). Then, the optimal constant k such
that Ric({0,1},Q, ) > k is given by

(p(u) +q(p) | p0)p' (1) + p(1)q (1)
)

_|_

Kopt = inf B B

neP(X
(3.10)

+A(u)(0,1)< 1 P (p) q’(ﬂ)))

2 1(0) p(1) " p(p) " q(p)

Remark 3.10. Note that in the case of a linear Markov chain, where p and g are independent
of p, and in particular p’ = 0 = ¢/, we recover the formula in [29, Remark 2.11].

Proof. First, we compute from (3.7) for any p € P,({0,1}) and non-constant :

m :% (311\(/1)(0, D)p(12) Lupa(0) + 92A(12)(0, 1)q(ﬂ)ﬁw(1))
+ A(p)(0, 1) (p(p) + q(p))
+ lalA(M)(O, 1)11(0) (%p(u)ﬁuu(O) + 8,“p(u)ﬁuu(1))

- @A( )(0,1)(1) (B0 (1) Lupt(0) + By (1) Lupa(1))
+ A [U(())( Hop ) 8u1p(ﬂ)) - N(l)(aﬂo(J(ﬂ') - 8#1Q(,u))] :
(1) =

Now, note that L,j(0) = 1) = u(L)g(p) — p(0)p(p), yielding

B(p, 1))
(¥(0) —(1))?
= A(u)(0, 1) [(p(1) + q() + p(0)p' (1) + p(1)q' ()]

+ %[81/\(#)(0, D)p(p) — 02A(12) (0, 1)q(2) ] ((1)q (1) — (0)p(pe))

+ %[81/\(#)(0’ Dp(0)p' (1) — 92A() (0, 1) (1) ()] (1) (1) — p(0)p(pa))

Furthermore, A(u,v) = A(u)(0,1)(y(1) — ¢(0))2. Thus by Theorem 3.7 we get the
optimal curvature bound kqpt by dividing the above identity by A(x)(0,1) and minimize
in u. Now, we use the identities

A(a,b)? A(a,b)?

Mfab)a—b) = Aah) - 280t sy(ab)a-b) = A + 200
to get rid of the partial derivatives and obtain after some further simplifications the
result (3.10). O

4. CONSEQUENCES OF RICCI BOUNDS

In this section we derive consequences of Ricci curvature lower bounds for non-linear
Markov chains in terms of functional inequalities and the trend to equilibrium for the
dynamics. Throughout this section, let (X', @, ) be a non-linear Markov triple satisfying
Assumption 2.1.
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We first note the following expansion bound for the transport distance between solutions
to the non-linear Markov dynamics.

Proposition 4.1. Assume that Ric(X,Q) > Kk for some £ € R. Then for any two
solutions (u})¢>0 to the non-linear evolution equation [ = pyQ(uy), i = 1,2 we have

Wint, 17) < e W (g, 1) -

In particular, when s > 0, solutions with different initial data get closer at an exponential
speed.

Proof. This is a consequence of the EVI,. It follows from [15, Prop. 3.1] applied to the
functional F on the metric space (P(X), W). O

Next we prove some consequences of Ricci bounds in terms of different functional
inequalities. These results can be seen as non-linear discrete analogues of classical results
of Bakry and Emery [1] and of Otto and Villani [33]. They extend results that have
been obtained in [21] for linear Markov chains, and are reminiscent of results of Carrillo,
McCann and Villani [9] obtained for McKean—Vlasov equations in a continuous setting.
Let F be the free energy functional associated with (X, Q, ) given by

Fu) = Z fio 1og pig + U (), with Ulp) = Z pz K= (1),
zEX zeX

and recall that F attains its minimum on P(X’). We set
Fu = F(pu) — min F(v).
() i=F(p) = min F()
so that min F, = 0. Recall that 7 is the discrete Fisher information, given by

() =5 Y O0rQuy(): Q) . Ola,b) = (o~ b)(loga ~logh)
z,yeX
provided p € P.(X) and Z(p) = +o0 else. Recall that Z gives the dissipation of F along
a solution () to the non-linear Fokker—Planck equation fi; = puQ(pt). More precisely,
we have
d

a}_(ﬂt) = —Z(p) -

Note further that with p = u/m(u) we have the expression Z(u) = A(p, —log p). The
next result relates F, Z and the transport distance VW under a Ricci bound.

Theorem 4.2. Assume that Ric(X, Q,7) > k for some k € R. Then the FWZT inequality
holds with constant k € R, i.e. for all p,v € P(X),
K
Flw) < F) + W )yT() — 5W(,0)? FWI(x)
Proof. Fix pu,v € P(X) and assume without restriction that p € P,(X) since otherwise
there is nothing to prove. Denote by p; the solution to fi; = Q) with pg = p and
set py = p/m(pe). Theorem 3.7 yields that EVI, holds, so in particular for ¢ = 0:
1d*

F(u) < F0) = 57 ,_ W) = 5W ()’
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From the triangle inequality and the fact that ¢ — pu; is continuous with respect to W
we obtain

1d*

1
2 _ oo b 5 )
5 dr ‘tZOW(Mt,V) = hrsnlnf 5 (W(,u, v)? — W(ps, v) )

N0
1

< limsup ~W(ps, i) - W, v) -
sN\O S

Now, note that since (u, —log p;) € CE we can estimate

W(MSaM) < /OS \ A(HraIngr) dr = /08 \/ I(,Ur) dr .

Since ¢ — Z(p) is a continuous function, we obtain
. 1
lim sup —=W(us, 1) < \/Z(1) , (4.1)
s\O S
which yields the claim. O

Theorem 4.3. Assume that Ric(X,Q,7) > X for some A > 0. Then the following hold:

(i) there exists a unique stationary point ©*, it is the unique minimizer of F;
(ii) the modified logarithmic Sobolev inequality with constant A > 0 holds, i.e. for
all p e P(X),

Ful) < 53 Z(0) MLSI())

(iii) for any solution (ut)e>o0 to fir = @ (1) we have exponential decay of the free
enerqy:

Fulpe) < 6_2”-7:*(#0) ; (4.2)

(iv) the transport-entropy inequality with constant A > 0 holds, i.e. for all p € P(X),

Wip,m) <\ S Fol) ET(\)

Proof. (i) From Proposition 2.3 we know that the set II, of stationary points is non-empty
and that it coincides with the set of local minimizers of F. Assume by contradiction
that F' has two distinct local minima at points ug and py, with F(pg) < F(p1) and
let (ps)sefo,1) be a constant speed geodesic connecting o and py. Then we infer from

Ric(X,Q,m) > X that

Fl1a) < (1= 8)F(uo) + sF () = 551 = )W(sio, )

Since p; is a local minimum, there is an € > 0 such that F(ui—.) > F(u1). This leads to

Fpr) < F(pr—e) < eF(po) + (1 —e)F(u1) — %6(1 —€) < F(u1)

a contradiction. Hence, II, = {7} is a singleton and 7, is the unique global minimizer
of F.
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(ii) By Theorem 4.2, we have that FWZ(x) holds. Applying FWZ(x) with p € P(X)
and v = m, noting that F.(m,) = 0, and using Young’s inequality

2

1
xygcx2+zcy Ve,y € R, ¢ >0,

with x = W(u, m4), y = VZ(p) and ¢ = A/2 yields the claim.
(iii) From MLSI(A) we infer that for a solution (u¢); we have
d

(k) = —T(e) < =2AFi(e)

and we obtain (4.2) as a consequence of Gronwall’s lemma.

(iv) It suffices to establish ET(\) for any p € P.(&X). The inequality for general p can
then be obtained by approximation, taking into account the continuity of YW with respect
to the Euclidean metric on P(X). So fix u € Py(X), and let y; be the solution to the

non-linear Fokker—Planck equation starting from p. From Proposition 2.4 we have that
Ut — Ty as t — oo and that

Filpe) >0 and  W(p, pe) = W(p, i) - (4.3)

The last property follows from the continuity of W with respect to the Euclidean distance.
We now define the function G : R4 — Ry by

GU1) = W)+ S Fa ()

Obviously we have G(0) = \/3F.(u) and by (4.3) we have that G(t) — W(u, ) as
t — oco. Hence it is sufficient to show that G is non-increasing. To this end we show that
its upper right derivative is non-positive. If p; # 7, we deduce from (4.1) that
d* Z(pe)
—G(t) < I( ) — <0,
(t) ) " oE AT

dt
where we used MLSI(\) in the last inequality. If p; = 7, then the relation also holds
true, since this implies that u, = 7, for all r > ¢. ]

5. SOME EXAMPLES OF CURVATURE BOUNDS

We shall now compute lower bounds on the curvature for several examples of mean-field
dynamics, inspired by classical models of statistical physics.

5.1. Curie-Weiss model. Let us consider the following example also mentioned in [5,
Example 4.2], which is the infinite particle limit of the classical Curie-Weiss model, one
of the simplest examples of Markovian dynamic exhibiting a phase transition. Let us
take X = {0,1} and define K for 8 > 0 by

Kx(U)ZVm—FﬁZmeyy, (x,V)EXXP(X),
yeX

with V=0, W(0,0) =0=W(1,1), and W(0,1) =1 =W (1,0). Hence, we have
U(v) =2Bwry .
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The free energy F(u) for the Curie-Weiss model is given by
> (logp(z) + K (s x))u(x) = Y (logu(a) + 8 Y Wiw,y)uly)u()

zeX zeX yeX
= 11(0) log u(0) + p1(1) log p(1) + 2681(0) pu(1).
Since p(0) + p(1) = 1, we have that the free energy is essentially given by the function
fs:10,1] = R
1

fo(u) = ulogu-+ (1 - u)log(l — u) +2Bu(l ~v) and f(u) = Sy

_457

Hence, f3 is convex on [0, 1] for 8 € [0, 1] and non-convex for 5 > 1.
The local detailed balance state 7(u) (2.1) is given by

rolis) = exp(—2/3,u(1))
T exp(=26(0)) + exp(—26p(1))
) = exp(—2ﬁﬂ(0))

mo (k)
O 1.0 = W) _ _ _ b
q(p) = Q(1;1,0) = ) = p(B(1(0) — p(1))) o)

With this choice, we can estimate the Ricci curvature of the limit with the help of
Lemma 3.9.

Proposition 5.1 (A-Convexity of Curie-Weiss model with Glauber rates). It holds for
pelon]
KRGlauber = 2(1 - B) (51)

As a consequence of this curvature bound, one can derive the modified logarithmic
Sobolev inequality for the nonlinear dynamic. This inequality could also be derived from
a logarithmic Sobolev inequality for the particle Gibbs sampler of [30] and passing to
the limit in the number of particles. In [26], the mLSI was also derived via convexity
of the entropy, but along a different family of interpolations of probability measures.
At a technical level, the proof of [26] requires differentiating the entropy three times
rather than two, which involves more technical estimates (this is not much of an issue for
a two-point space system like Curie-Weiss, but gets much more complicated for more
involved systems, as the ones we shall see later in this section).
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Proof. We set 11(0) = u and pu(1) = 1—w, for which the rates become p(u) = exp(—p(2u—
1)) = 1/q(u). First, we note that with the notation of Lemma 3.9, we have p'(u) =

—20p(u) and ¢ (1) = —=2Bq()-
The expression in the infimum of (3.10) to optimize becomes

Ao (120) (L yg)

p+q
R(u) === = Blup+ (1 —u)q) +
It will be convenient to do the variable substitution x = 2u — 1. For obtaining the

expression in a compact manner, we introduce two auxiliary functions
g1(x) := cosh(fBz) — z sinh(fx) and g2(z) := sinh(fz) — x cosh(fx).

We then obtain, using the identities up + (1 — u)q = g1(z), up — (1 — u)g = —g2(x) and

arctanh(z) = %log % and after some rewriting,

k(x) = cosh(Bz) — Bg1(z) + 5o zi((:fzinh(m) (1 —1302 — B). (5.2)

A simple evaluation yields «(0) = 2(1 — ), where we note #&M —lasa —0.

For the lower bound, we proceed in several steps, we first observe that

cosh(Bx) — Bgi(x) = (1 — B) cosh(Bz) + Brsinh(fz) >1— .

Now, the claim follows once we have shown

g2(x) 2
fx — arctanh(zx) z1-a". (5:3)

Indeed, the last term in (5.2), combined with the above estimate, is bounded from below
by 1 — (1 —2?)8 > 1 — 3, which proves (5.1). To prove (5.3), we do another substitution
and set z = tanh(y). Therefore, the function g» becomes after transformations by
hyperbolic trigonometric identities

sinh(S tanh(y) — y)
coshy '

g2(tanhy) =

and we can estimate the left hand side of (5.3) by

92(x) 1 sinh(gtanh(y) — y) < 1

Bz — arctanh(z)  cosh(y) ABtanh(y) —y  — cosh(y)’

where we used the bound sinh(z)/z > 1 for all z € R. This can be further estimated by
observing that cosh(y) > 1 for all ¥ € R and by using the identity 1—tanh?y = 1/ cosh?y,
to obtain

1 1

>
cosh(y) ~ cosh?(y)

=1—tanh?(y) =1 — 2%,

by the substitution 2 = tanh(y), which proves (5.3). O
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5.2. General zero-range/misanthrope processes. In this section, we consider mean-
field limits of particle systems with rate matrix of the form

Qs 2,y) = p(z,y) (o, fty)

These systems generalize usual linear Markov chains encoded in p(z,y) by an additional
dependency of the jump rate on the population density of the departure and arrival site
of the jump. This model, first introduced in [14], incorporates many examples, such
as for instance the zero range process, for which ¢(pz, ty) = b(pz), but also interacting
agent /voter models [39], for which ¢(fiz, p1y) = apiy).
Since our method in this section is perturbative in nature, we restrict to the complete
graph as underlying graph, that is p(z,y) = 1 for all  # y. In this case the mean-
field limit from the N-particle system was derived in [23] and the limit equation was
investigated in [34]. Since positive curvature is know in the case of independent particles
on the complete graph [21], we expect that for c(pg, pty) = T + ¢(pta, pby) with bounded
¢:P(X) xP(X)— [0,00), we should also obtain positive entropic curvature for the
nonlinear models when T is sufficiently large.
To have a gradient flow formulation, the chain has to satisfy the local detailed balance
condition (2.3)

T (1) (pas py) = (1) €(pty, pra) - (5.4)
For the further analysis, we will focus on the separable case, where for some a,b : [0,1] —
R holds

C(Mm#y) = b(ptz) a(:“y) .
It is easy to verify that (5.4) is satisfied for

1 a) o al)
) = Zy b M 2= L g

This is of the form (2.2) for a potential U given e.g. by

Up) = Z u(py) with u(r) = /r1 log<z((3> ds,

reX
i.e. for K given by K, (u) = u(pz)/ e

Example 5.2. There are two subclasses of models of particular interest:

Qay(1t) = alpy) and Qay(1t) = b(pta) -
Both models satisfy the local detailed balance condition (2.3) for

R0 = ok with 2 = Y afie

and
b 1 1

= ey = 2

For the first, the interacting agent model from [39] is recovered by setting a(u,) =
T/d+ f(py), where d = |X| is the (constant) degree of the complete graph. For these
models, [39] proves a spectral gap via another notion of discrete curvature, but which
is not strong enough to derive the mLSI. In the second case, this dynamic corresponds




CURVATURE FOR DISCRETE MEAN-FIELD DYNAMICS 21

to (a scaling limit of) a zero range-process. This type of particle system is commonly
used in statistical physics as a toy model for understanding various large-scale features
of interacting systems (scaling limits, long-time behavior, phase transitions). We refer to
[27] for an overview. Long-time behavior of the N-particle system in various situations
was studied for example in [7, 6, 22, 24]. Recently, Hermon and Salez [25] significantly
improved on the state of the art using a combination of the Lu-Yau martingale method
and a monotone coupling argument, establishing a modified logarithmic Sobolev inequality
independent of the number of particles for mean-field zero-range processes in a non-
perturbative setting, even in some inhomogeneous situations where the curvature approach
cannot work.

In this separable case, we can prove the following statement.

Theorem 5.3 (Curvature for separable kernels). Assume the rates are separable, given
by
Q5 x,y) = b(pz)alpy) -
Suppose that
0<a<a()<a and 0<b<b(-)<b.

Moreover, assume that
2alipb+alipa

A= <1. 5.5
2ab < (5.5)
Then Ric > k in the sense of Theorem 3.7 with k given by
ab a A b a\ ..
k:=d ab—(1+)\)— 2<2+b>L1pb—2(1+a>L1pa1 (5.6)
Especially, in the regime % :n < 1 it holds
Kk >dab(l+0(n) . (5.7)

Proof. First, we evaluate some of the quantities occurring in the derivation of the
curvature estimate. Let us start with (3.3), for which we have

Lytp(w) =Y (vhy — ta)b(pz)alpy) (5.8)

Y

and

Luo(y) =Y (0ub(pz)aliny) — oyb(py)a(pe)) -

T

The next quantity (3.5) becomes
DQ(n,0;%,y) Z(%zb pz)a(py)oe = b (pz)apy)ow + b(ps)a (1y)oy - (5.9)
The last quantity is (3.6)
My 2,,2,9) = 5 oA (2, w0) (8.8 () + 6.y bl1az)a (1)

2
- 6w,xb/(ﬂw)a(uy) - 6w7yb(ﬂx)a/(ﬂy))
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from which after symmetrization, we obtain the identity

M(u)V(z,y) = po Y (Vo(, 2)A(p) (a, 2)b (1z)alpy) + Vi (y, 2)Ay, 2)b(ka)ad (1y))
) (5.10)
We will use the following identity for the logarithmic mean
s01A(s,t) + tdaA(s,t) = A(s,t) . (5.11)

To compensate off-diagonal terms, we need the following estimate for the logarithmic
mean [22, Lemma A.2]

r(O1A(s,t) + OaA(s, 1)) + A(s,t) > A(r,s) + A(r,t) . (5.12)

The above basic identities shall be used to estimate the four terms in (3.7), which we
denote by I, 1L, IIT and IV in this order of occurrence.

First term 1: Let us start estimating the first term in (3.7) and use the identity (5.11)

= i SV, )P (1A ) (@, y) 3 (ob(p=)a(ne) = pab(pa)a(p:))bli)al i)
z,y

z

+ OpA (1) (. ) 3 (1=b(p1=)ality) — pybpny)alpe=))b(y)aps))

z

= i > IV, ) Ppbp=)a(ie)aliy) (O A (1) (@, 1)b(a) + DA (1) (2, 1)b(1y)

w?sz

2 IV, )P AGE) (1A )b ) aliy) + Do), )by 1))

_supu,x{b(;m)A(u)}Aw 0> _M Alp, ) (5.13)

where we introduced A(p) = >, a(ps). Although I; is non-negative, we will keep it
to compensate for terms from II and IV. To do so, we compactify notation further by
introducing the tilted measure

e blus
Mla): _— (1) _
a(,uat)

With this definition and with the one-homogeneity of A, we can rewrite

A (@, ) = Alpab(pa)a(iny), blny)alps)) = AR 1) alp)a(y)

and likewise for the zero-homogeneous derivatives (i = 1,2)

A (1) (2, y) = A (pab(pa)alpy), pyb(py)alps)) = aiA(ﬁ%aaﬂZ’a) .
With this notation we want to employ the estimate (5.12) in the form
e (A (e, i) + opm (i, i) ) = Ak, i)+ A (b, ) — A(mbe, i)
_ A | AWy Aw(y)
a(pz)alp:) — alpyalpz)  alpz)a(py)
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Now, we can bound I; from below by

> b 3 V) Palee)alealu) e (A (7o i) + A (72, 1))

xT,Y,z
> ab 3Vl y) PAG(2) + AW ) — T A v)
> b, 120 a0). (.10

Second term I1: Let us continue with the second term in (3.7) for which we use (5.8),
symmetrize the sum and obtain

1T = —(Ve), A(u) VL)
=" V(@ y) Vi (x, 2) M) (2, 9)b(pa)a(p:)

fl‘,y,Z
B ;Z a(a)A (1) () Vi @, y) (Vo 2) bliae) = Vo(y, 2)b(,))

:V¢($1y)+v¢(y72)

= & IV, ) PAGH) ( 9)ble) Y ()

z

5 3 Vula, ) Vible, A, )alns) (blis) — b))

Y,z
> (aba— ") A )
a Lipb
- S 9 )P (A, 2) + A5, 2)
xT,Y,z
> (dba—daLipb>A(u,¢))—aL;pblg. (5.15)

where we used the Young inequality uv < u?/2 + v2/2.

Third term II1: For estimating the third term in (3.7), denoted by III, we use (5.9), do a
crude estimate to again apply (5.11)

1T = i SV, )1 (1A () (@, y) e (O (1) apty) Lups(®) + () (1) Lups(y)

+ DA () (@, )y (8 11y )ap1) Lupa(y) + by ) (1) Lpa(@)) )

V() Lup() 0! (py) Lup(y)
2 Jf%,fy{ (1) 2a(1,) }A(“’w '

To bound the infimum, we observe that

Lyu(w)| < dba.
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Hence, in total we obtain

I > _dba(Llpb n Lipa
2 b a

)AG). (5.16)

Fourth term IV: For estimating the fourth term in (3.7), denoted by IV, we use (5.10)
and compensate it partly by Is from (5.14)

IV = % > V(,y) Vi (w, 2) () (@, 2) (b (1) alpry) = pyb(py)a’ (1))
T,Y,z
< a Lipb + bLipa
= 2

dAG ) + 1 X 99 ) P (A, 2) + Ay, 2) | - (317

x?y7z

Conclusion: We combine all the estimates of the individual terms in (3.7) from the
rewriting B = [+ 11+ 1114 IV. There is one small catch. After having applied the first
bound (5.13) to I, we split for A € (0,1) the non-negative part I; into (1 — X)I; and
A1;, where only to the second term AI; the bound (5.14) is applied. The other three
estimates (5.15), (5.16) and (5.17) are applied in a straightforward manner to II, III and
IV, respectively, to arrive at the lower bound

2aLipb—|—bLipa) I
2

B(u,w)z(l_)‘)Iﬁ(Aab— .

A, )

ab a b\, . b ay ..
+dlab(1+)\)22<2+b>L1pb2<1+a>L1pa

If A is chosen according to (5.5) and by I; > 0, we arrive at the bound B(u,v) > kA(u, 1))
with & given in (5.6). The final statement (5.7) follows by simple calculus from the bound
a < a+ Lipa, similar for b < b+ Lipb and observing that A\ = O(n) in this case. O
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