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ABSTRACT. Sampling Gibbs measures at low temperatures is an important task
but computationally challenging. Numerical evidence suggests that the infinite-
swapping algorithm (isa) is a promising method. The isa can be seen as an im-
provement of the replica methods. We rigorously analyze the ergodic properties
of the isa in the low temperature regime, deducing ab Eyring-Kramers formula
for the spectral gap (or Poincaré constant) and an estimate for the log-Sobolev
constant. Our main results indicate that the effective energy barrier can be re-
duced drastically using the isa compared to the classical overdamped Langevin
dynamics. As a corollary, we derive a deviation inequality showing that sampling
is also improved by an exponential factor. Finally, we study simulated annealing
for the isa and prove that the isa again outperforms the overdamped Langevin
dynamics.
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1. INTRODUCTION

Sampling from Gibbs measures at low temperatures is important in science and engi-
neering. It has a variety of applications including molecular dynamics [And80, CS11]
and Bayesian inference [RC05, GSCT13]. Usually, sampling at low temperatures is
slow due to the fact that at low temperatures energy barriers in the underlying en-
ergy landscape are large. This traps the stochastic sampling process and slows down
sampling.

A lot of effort has been made to accelerate sampling at low temperatures and there
are many competing methods. One of them is the replica exchange method which
is also known as parallel tempering. In the simplest version of a replica exchange
method, one considers two independent copies of the underlying dynamics. One
copy evolves at the desired low temperature 71 > 0 and the other copy with a higher
temperature 1 > 75 > 7. At random times the positions of both particles are
swapped. This approach has the advantage that the particle at a low temperature
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correctly samples the low temperature Gibbs measure whereas the particle at a high
temperature can explore the full state space discovering the relevant states of the
system.

Replica exchange methods and parallel tempering have been applied successfully in
many different situations and they seem to accelerate sampling in low-temperature
situations quite well. To the best of our knowledge, almost all evaluations of the
performance of those methods are empirical and numerical. In an attempt to study
the sampling performance of parallel tempering via large deviations, it was discov-
ered that the large deviation rate function is a monotone function of the swapping
rate (see [DLPD12]). It means that sampling can only improve as the swapping
rate increases. This led to the discovery of the infinite swapping algorithm/process
(isa), which can be interpreted as the limit of parallel tempering when swapping the
particles infinitely fast (see [DLPD12], or Section 2.1 for details). Formally, given
the underlying energy landscape H : R™ — R, the isa is defined as the evolution of
two particles X} and X? varying between two different temperatures 0 < 71 < 72,
given by the stochastic differential equations (SDEs):

dX} = -VH(X})dt +\/2m1p(X}, X?) + 2mep(X?, X} dB} (1.1)
dX? = -VH(X}?)dt+ \/2mp(X}, X}?) + 211p(X}?, X}) dB? | '
with
(1, x2) 1 H(xy) H(x2)
= d == — -
plo1, 2) (1, x2) + m(x2, 21) and - m(z1,72) Z exp< ol To ’

where Z is the normalizing constant making 7 a probability measure. Numerical and
heuristic studies [DDN17] indicate that there is an exponential gain when using the
isa for sampling instead of the classical overdamped Langevin dynamics. However,
no rigorous result has been established so far.

In this article we take the analysis of [DDN17] to the next level. We carry out the
first rigorous study of the ergodic properties of the isa at low temperatures. Under
standard non-degeneracy assumptions, we deduce the low-temperature asymptotics
for the Poincaré constant and a good estimate for the log-Sobolev constant of the
isa (see Theorem 2.6 and Theorem 2.7 below). In the context of metastability, those
type of formulas are also known as Eyring-Kramers formulas. Comparing our results
to the Eyring-Kramers formula for the overdamped Langevin dynamics (see e.g.
[BEGK04, BGK05, MS14]) we have an exponential gain: the effective energy barrier
of the underlying energy landscape H only sees the higher temperature 7. We also
give indications that the result of Theorem 2.6 is optimal.

To the best of our knowledge, this is the first time that an Eyring-Kramers formula
was derived for inhomogeneous diffusions. The reason is that usually, if the diffusion
coefficient ¢ is inhomogeneous, the stationary and ergodic distribution g is unknown.
But for the isa (1.1), the ergodic distribution p is explicitly known. It is given by
(1, x2) = § (m(x1,22) + 7(22,21)). This makes a rigorous analysis of (1.1) feasible.
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For the proof of Theorem 2.6 and Theorem 2.7, we follow the transportation approach
of [MS14]. There are several other methods which could be used to deduce the
Eyring-Kramers formula for the Poincaré constant. For example, one could consider
to adapt the potential theoretic approach (see [BEGK04, BGKO05]) or the approach
using semiclassical analysis (see [HKNO04, HN05, HNO06]). However, it seems that
only the approach of [MS14] is robust enough to deduce good estimates for the log-
Sobolev constant. This is important for our applications to sampling and simulated
annealing.

In the first application, we apply the main results to study the sampling properties
of the isa and compare it to the overdamped Langevin dynamics. It is well known
that the Poincaré and log-Sobolev constants characterize the rate of convergence to
equilibrium of the underlying process. It is also known that Poincaré and log-Sobolev
inequalities yield deviation inequalities (see [CG08, WY08] and references therein).
Hence, our main results yield a precise quantitative control on the convergence of the
time average to the ensemble average, quantifying the ergodic theorem. As a con-
sequence, we conclude that sampling at low temperatures using isa is exponentially
faster than using the overdamped Langevin dynamics.

In the second application, we study simulated annealing for the isa and compare it
to simulated annealing for the overdamped Langevin dynamics. Simulated anneal-
ing (SA) is an umbrella term denoting a particular set of stochastic optimization
methods. SA can be used to find the global extremum of a function H : R” — R, in
particular when H is non-convex and n is large. Those methods have many appli-
cations in different fields, for example in physics, chemistry and operations research
(see e.g. [VLA87, KAJ94, Nar99]). The name and inspiration comes from anneal-
ing in metallurgy. It is a process that aims to increase the size of the crystals by
a process involving heating and controlled cooling. The SA mimics this procedure
mathematically. The stochastic version of SA was independently described by Kirk-
patrick, Gelatt and Vecchi [KGV83] and Cerny [C85]. See Section 2.7 for details on
simulated annealing.

Replica exchange and parallel tempering have been successfully applied to simulated
annealing (see e.g. [KZ09, LPAT09]). Because the isa has better ergodic properties
than parallel tempering, there is big hope that the isa can produce even better re-
sults. Additionally, our main results show that the isa mixes much faster than the
overdamped Langevin dynamics. Therefore, one expects that the isa also outper-
forms the overdamped Langevin dynamics for simulated annealing. In this article,
we show that this is indeed the case. Unfortunately, from our theoretic study it is
unclear if the isa could compete in practice with state-of-the-art methods for sim-
ulated annealing, e.g. methods based on Lévy flights [Pav07] or Cuckoo’s search
[YDO09].

There are a few further directions from this article. We plan to extend the study of
the isa to the underdamped Langevin dynamics. One could also extend the isa to
Lévy flights and apply it to simulated annealing to get even better performance.
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Organization of the paper: In Section 2, we provide background, derive the isa,
present the main results and apply these results to sampling and simulated annealing.
In Section 3, we give proofs of the results stated in Section 2.

2. SETTING, MAIN RESULTS AND APPLICATIONS

We start by discussing how the isa emerges as the weak limit from parallel temper-
ing. Then we introduce the precise setting and non-degeneracy assumptions. After
this we present the main results of this article, the Eyring-Kramers formula for the
Poincaré constant and a good estimate for the log-Sobolev constant for the isa. We
also give indications that the Poincaré constant is optimal. We close this section
by discussing two applications: sampling Gibbs measures at low temperatures and
simulated annealing.

2.1. Infinite-swapping as the weak limit of parallel tempering. Before de-
scribing parallel tempering, let us consider a simpler situation: a single diffusion on
an energy landscape given by a sufficiently smooth, non-convex Hamiltonian function
H :R™ — R at a single temperature 7 > 0, given by the SDE

dft == —VH(gt)dt + vV 2TdBt
where By is a standard Brownian motion on R™. The generator of the diffusion is
L.:=7A—-VH-V.

The associated Dirichlet form is
&r(f) = [ (Lpfa = [ c9sPas
and the Fisher information is

T (f?) := 2E,-(f).

Under some growth assumptions on H (e.g. those of [MS14, Section 1.2]), this
process (known as the overdamped Langevin dynamics) has an invariant measure

given by L (_H(@)
V(@) = oz exp (- (2.1)

where Z7 is the normalization constant. Due to the non-convexity of H, this process

shows metastable behavior at low temperatures 7 in the sense of a separation of time
scales:

e In the short run, the process converges fast to a local minimum of the energy
landscape.

e In the long run, the process stays near a local minimum for an exponentially
long time before it jumps to another local minimum.
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In the previous work of [MS14], this behavior is captured by explicit, low-temperature
asymptotic formulas (known as Eyring-Kramers formulas) for the two constants
p,a > 0 appearing in the following two functional inequalities for the invariant
measure v7: the Poincaré inequality (PI(p))

Vars(f)i= [(7 = [ faryar < Seqf)
and the log-Sobolev inequality (LSI(«))
Ent,-(f?): / f?In

holding all smooth functions f : R® — R.

f2

1
f2d Td v < aIVTOC)

In the present work, we extend these results to a non-homogeneous diffusion, the
“infinite swapping process”. It arises from parallel tempering, which we now intro-
duce. Given two temperatures 0 < 71 < 79 < 1, 79 > K7 for some K > 1, define
two product measures on R” x R"

7t (w1, 22) == v (210 (22), 7 (21, 22) i= v (21)v™ (2).
Let us identify the symbol ¢ = +, — with the identity and swap permutation on
{1,2}, respectively. Then 7% is the invariant measure of the following SDE:

dX, =—-VH(Xy)dt+ , /27'0(1) dBy ,

dX2 = —VH(XQ) dt + \/ 27'0(2) dB2 s
where B := (B, Bg) is a standard Brownian motion in R™ x R™. Its generator is
Lo =L +L2,

and the associated Dirichlet form is

Eno (f) = /]Rn R”(_Laf)fdﬂ Ema(l) 5120(2) (f) + Ema@) gﬂ:la(l) (f)

=Ero (Ta(l)’vfﬁf’z + Ta(2)|v$2f’2)‘

The idea of parallel tempering is to swap between the positions of X; and Xs. At
random times X; is moved to the position of X9 and vice-versa, so the resulting
process is a Markov process with jumps. To guarantee that the invariant measure
remains the same, the jump intensity is of the Metropolis form a g(z1, z2), where the
constant ‘a’ is the swapping rate of the parallel tempering and g = min (1,7~ /7).
The resulting process is denoted by (X{(t), X$(t)).

Intuitively, larger values of ‘a’ lead to faster convergence to equilibrium. However,
the process (X{(t), X4(t)) is not tight so it does not converge weakly as a — co. The
key idea of [DLPD12] is to swap the ‘temperatures’ of (X1, X2) instead of swapping
the positions. Precisely, they consider the following process

dzit = —VH(Xl) dt + \/QTl]lZa:(] + 21l za—1 dBy ,
dXo = —VH(XQ) dt + \/27‘212:1:0 + 2111 za_1 dB>
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where Z% is a jump process which switches from state 0 to state 1 with intensity
ag(X7,X5), and from state 1 to state 0 with intensity a g(X5, X1). It was shown
in [DLPD12] that as a — oo, the process (X7(t), Xo(t) converges weakly to the
infinite swapping process, whose dynamics is governed by the SDE:

dX; = —VH(Xy)dt + \/2a1(X1, X2)dBy , (2.2)
dXo = —VH(Xy)dt + \/2a2(X1, X2) dBs , '

where the diffusion coefficients a1, as are given by

a1 :=T1pT +1ep and as:=Tmpt + TP,

+ -
T T
where p* :== ——— and p= = ——.
P mt + 7T P mt 4+
The invariant measure of this process is the symmetric measure
1 -
po=g(mt +77). (2.3)

The generator of this process is
L:= p+L+ +p L_ = —VH(331) : V;pl - VH($2) : V:BQ + alel + CLZAmQ-
The associated Dirichlet form is

2
E)i= [N fdn=3Er 1)+ 36 ()= [ S aniVu P
k=1

and the Fisher information is

L(f?) = 28,u(f)- (2.4)

2.2. Growth and non-degeneracy assumptions. In this article, we use the same
assumptions on the potential H as in [MS14, Section 1.2]. These assumptions are
standard in the study of metastability (see e.g. [BEGK04, BGKO05]).

Definition 2.1 (Morse function). A smooth function H : R™ — R is a Morse
function, if the Hessian V?H of H is non-degenerate on the set of critical points.
That is, for some 1 < Cg < 0o holds

vxeS:{xeRHVHzoy!f5gv%ﬂ@ﬂgcmm. (2.5)
H

We also make the following growth assumptions on the potential H to ensure the
existence of PI and LSI.

Assumption 2.2 (PI). H € C3(R",R) is a nonnegative Morse function, such that
for some constants Cg > 0 and Ky > 0 holds
liminf |VH| > Cgq,

|z|—o00

liminf(|VH|* — AH)

|z| =00

v

—Ky.
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Assumption 2.3 (LSI). H € C3(R™,R) is a nonnegative Morse function, such that
for some constants Cg > 0 and Ky > 0 holds

2 _
lim inf ’VH(Q:” 5 AH(x)
| =00 ||

inf V’H(z) > —Kg.

Y

CH7

Remark 2.4. Assumption 2.2 has the following consequences for the potential H:

e The condition (2.6) and H(x) > 0 ensures that e 7 s integrable and can
be normalized to a probability measure on R" (see [MS14, Lemma 3.14]).
Hence, the probability measures v™ (and therefore 7,7~ and u) are well
defined.

e The Morse condition (2.5) together with the growth condition (2.6) ensures
that the set S of critical points is discrete and finite. In particular, it follows
that the set of local minima is a finite set M = {my,...,my}.

e Together with the rest of Assumption 2.2, the Lyapunov-type condition (2.7)
leads to a local PI for the Gibbs measures v7 (see [MS14, Theorem 2.9]).

Similarly, Assumption 2.3 yields the following consequences for the potential H.

e It leads to a local LSI for the Gibbs measures v (see [MS14, Theorem 2.10]).
e Assumption 2.3 implies Assumption 2.2, which is an indication that LSI is
stronger than PI.

To keep the presentation clear, we also make some non-degeneracy assumptions on
the potential H. The saddle height H(m;,mj) between two local minima m;, m; is

defined by

ﬁ(mi,mj) = inf{ max H(y(s)) : v € C[0,1], v(0) = m,, v(1) = mj} :

s€[0,1]
Assumption 2.5. Let mq,--- ,myn be the positions of the local minima of H.
(i) mq is the unique global minimum of H, and my,...,my are ordered in the
sense that there exists d > 0 such that
H(my)> H(my—1) >---> H(m2) >4 and H(mp)=0. (2.8)

(i) For each i,j € [N] := {1,...,N}, the saddle height between m;,m; is
attained at a unique critical point s;; of index one. That is, H(s;;) =
ﬁ(mi,mj), and if {\1,..., \n} are the eigenvalues of V2H (s;5), then A\ =:
AT <0 and X\; >0 forie€{2,...,n}. The point s;j is called the communi-
cating saddle point between the minima m; and m;.

(tit) There exists p € [N] such that the energy barrier H(sp1) — H(m,) dominates
all the others. That is, there exists 6 > 0 such that for all i € [N]\ {p},

E* = H(Spl) — H(mp) Z H(Sﬂ) — H(mz) + 0.
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The dominating energy barrier E, is called the critical depth.

2.3. The Eyring-Kramers formula. Our main results are the Eyring-Kramers
formula for the Poincaré constant and a good estimate for log-Sobolev constant for
the isa. Here a crucial new feature occurs in comparison to the usual overdamped
Langevin dynamic. The lower temperature cannot be arbitrarily small and there is
an effective restriction on the ratio between the two temperatures 71 and 7. We
comment on this observation in Subsection 2.4.

Theorem 2.6 (Eyring-Kramers formula for the Poincaré constant for the isa). As-
sume that 7o > K1 for some constant K > 1. Let p be the invariant measure of
the infinite swapping process defined by (2.3). Suppose that the potential H satisfies
Assumptions 2.2 and 2.5. Then the Gibbs measure | satisfies the Poincaré inequality

Var,(f) < ;ép(f),

with the constant p satisfying

1_ 1 2m/| det V2H (sp1)]
P /Idet V2H (my))] A (5p1))]
X exP<H(Sp1)T—2H(mp)> (1 n O(ﬁ\lﬂT2|g)> +0(1)d, (Z) . (2.9)

Here A~ (sp1) is the negative eigenvalue of the Hessian V?H (sp1) at the communi-
cating saddle point sp1, and @, : [1,00) — [0,00) is the function
1 formn=1
O,(r) =< 1+Inx forn =2 (2.10)
14+ 2=2/2 forn > 3.

Theorem 2.7 (Estimate for the log-Sobolev constant of the isa). Assume that o >
Ky for some constant K > 1. Let i be the invariant measure of the infinite swapping
process defined by (2.3). Suppose that the potential H satisfies Assumptions 2.3 and
2.5. Then the Gibbs measure p satisfies the log-Sobolev inequality

But,(f)i= [ finfdu— [ fapn [ fdu< 20, (2.11)
with
2 _ <H<mp> N H(mp>> | 2 /[det V2 H (5,1)]
o T1 T2 | det V2H (my)| (A (sp1)]

X eXp (H(Spl) — H(my)
T2

> (1 + O/ ]1n72|%)) +O0(r ), Ci) (2.12)

Here, N is the number of local minima of H, A~ (sp1) is the negative eigenvalue of
the Hessian VQH(spl) at the communicating saddle point sp1, and ®,, is the function

defined in (2.10).
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Remark 2.8. If we can ensure that 71 is not too low compared to 19, e.g. imposing
a condition like

T > e_o<%)
then the error terms involving ®,, <%> in (2.9) and (2.12) become negligible, as can

be seen from the form of the function ®,. (In fact, this restriction can be entirely
1

dropped in dimension n = 1, and relazed to T > e—e ) in dimension n = 2.)
Then in this regime of temperatures 11, T2, the estimates (2.9) and (2.12) for the isa
essentially reduce to the corresponding Eyring-Kramers formulas for the overdamped
Langevin dynamics at the higher temperature o, given in [MS14, Corollary 2.18].
For the Poincaré constant this is true to the exact pre-factor, and for the LSI constant
this is true to the leading exponential order. Because we choose 7o > KTy, this means

that the effective energy barrier H(m,) — H(my) is reduced by a factor of K > 1.

More precisely, the estimate we give for the LSI constant differs from the one in
[MS14, Corollary 2.18] (with temperature set to be 15) by two additional factors:
first, we have H(myp)/T instead of H(my)/T2 in the pre-factor, which amounts to
an additional factor of To/71; and second, we also have a combinatorial factor on the
order of N?. Below, we show the change from H(my)/T2 to H(m,)/T is necessary
i a generic one-dimensional case. However, presently we do not know whether the
combinatorial factor is necessary. It would be interesting to study whether this factor
of N? can be removed from the LSI constant.

2.4. Dependence on the ratio between temperatures. The following proposi-
tion shows that the dependence on 75 /71 in the Poincaré and LSI constants of the isa
is necessary and the formula of ®,, that describes this dependence is close to being
optimal.

Proposition 2.9. If 19,71 /70 are sufficiently small, then for every n > 0, there
exists a constant Cy > 0 such that

Vary(f) {Cn(72/71)(1")(n2)/2 forn >3

iy In(72/71) forn = 2.

reri(w Eu(f) ™

2.5. Optimality of the Eyring-Kramers formula in dimension one. For the
overdamped Langevin dynamics, the corresponding Eyring-Kramers formula for Poincaré
inequality has been shown to be optimal. For the isa, the Poincaré constant of (2.9)

is optimal in a generic one-dimensional case. This gives a strong indication of opti-
mality in higher dimensions.

Proposition 2.10. Assume that 7o > K7y for some constant K > 1. Assumen =1,
and H has three critical points: two minima mi < mg with H(my) =0 < § < H(ma)
and a local mazximum s in between. Then

&)
e (u) Vary(f)
where p is given by the asymptotic formula (2.9).
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For the overdamped Langevin dynamics, the corresponding Eyring-Kramers formula
for LSI inequality has been shown to be optimal in the one-dimensional case. For
the isa, we do not expect the LSI constant of (2.12) to be optimal. However, up
to some combinatorial factor in N, it has the asymptotic behavior for a generic
one-dimensional case.

Proposition 2.11. Assume that 75 > K1y for some constant K > 1. Assumen =1,
and H has three critical points: two minima mi < mg with H(my) =0 < § < H(my)
and a local mazimum s in between. Then
T 2
rer (u) Enty,(f?)

where « is given by the asymptotic formulas (2.12).

2.6. Application to sampling. It is well known that estimates on the Poincaré and
log-Sobolev constant yield estimates of the rate of convergence to equilibrium of the
underlying process. Applying to the isa, we obtain the following direct consequence
of Theorem 2.6 and Theorem 2.7. We refer to [Sch12, Theorem 1.7] for a proof in
the setting of the overdamped Langevin dynamics. The argument directly carries
over to the isa.

Corollary 2.12. Let f; be the relative density of the infinite swapping process (2.2)
at time t. Under the same assumptions as in Theorem 2.6 it holds that

Var,(f;) < e 27 Var,( fo),

where p satisfies the estimate (2.9). Under the same assumptions as in Theorem
(2.7) it holds that
Ent,,(f;) < e ** Ent,(fo),

where « satisfies the estimate (2.12).

Another well-known consequence is that the Poincaré or log-Sobolev constant allows
one to quantify the ergodic theorem i.e. to estimate speed of convergence of the time
average to the ensemble mean. See [CG06, Proposition 1.2.] and [Wu00, Corollary 4]
for a proof in the setting of the overdamped Langevin dynamics. The same argument
carries over to the isa.

Corollary 2.13. Let v denote the initial law of the isa X;. Under the same as-
sumptions as in Theorem 2.6 it holds that for all functions f : RN x RN — R such

that sup |f| =1, all0 < R<1 and allt >0
X TN )
12 8 Var,(f)

1/t dv
P, - Xs)ds — dp > <=
(G [ roran=[rarzn) < 5
where p satisfies the estimate (2.9).

Under the same assumptions as in Theorem 2.7 it holds that for all functions f €
L'(p) and all R,t >0

t '
P(i [ sxoas— [ s> R) < Hfm

exp(—taH*(R)),
L2



ERGODICITY OF THE INFINITE SWAPPING ALGORITHM 11

where a satisfies the estimate (2.12) and

H*(R) := igg{AR—ln/exp(A(f—/fdu)) du}.

One consequence of Corollary 2.13 is that the isa has an exponential gain compared
to the overdamped Langevin dynamics for sampling (see also Remark 2.8). See
[DLPD12] for the details on the use of the isa to sample from the Gibbs measure

% exp(—%) at temperature 7.

2.7. Application to simulated annealing. In this section, we apply the log-
Sobolev inequality of Theorem 2.7 to the simulated annealing of the isa.

The goal of simulated annealing is to find the global minimum of a function H :
RY — R that is potentially non-convex and lives in a high-dimensional space. Let us
explain the main idea of the stochastic version of simulated annealing. One considers
a stochastic process on H that is subject to thermal noise. When simulating this
process one lowers the temperature slowly over time. Hereby, the stochastic process
gets trapped. Now, the goal is to show that the trapped process converges to the
global minimum of H with high probability. This is typically true if the cooling is
slow enough. Hence, another goal is to find the best stochastic process with the
fastest possible cooling schedule that still allows one to find the global minimum.

Simulated annealing for the overdamped Langevin dynamics was studied in [GH86,
Mic92]. As we will see below, the cooling schedule has to be logarithmically slow.
This implies long computation times in order to find the global minimum. There
are many ways to improve this behavior. Luckily, one has the freedom to choose the
underlying stochastic process which is used for simulated annealing. One of the most
efficient approach is called Cuckoo search and is based on Lévy flights (see [Pav07,
YDO09]). Those methods are able to find the global minimum in certain situations
with a polynomial cooling schedule. An alternative is to use replica exchange or
parallel tempering. As we know from [DLPDI2], mixing can only improve when
particles are swapped faster, which makes the isa a natural candidate for simulated
annealing.

In [Mic92] it was shown that for the overdamped Langevin dynamics the fastest
successful cooling schedule is characterized by the Eyring-Kramers formula for the
log-Sobolev constant. However, at that time no estimates on the associated log-
Sobolev constant for low temperatures were known at that time. Hence, more so-
phisticated arguments were applied by [HKS89] to replace the log-Sobolev constant
by the Poincaré constant showing that the fastest successful cooling schedule is
characterized by the critical depth E, = H(s1,) — H(m,). Only in 2014, the Eyring-
Kramers formula for the log-Sobolev constant was derived in [MS14] which leads to
a more direct proof of the same result. This formula was then used by [Monl8] to
study simulated annealing for the underdamped Langevin dynamics, showing that
the Langevin dynamics is at least as good as the overdamped Langevin dynamics



12 GEORG MENZ, ANDRE SCHLICHTING, WENPIN TANG, AND TIANQI WU

for simulated annealing. The main result of [HKS89] (see also [Mon18]) is stated as
follows.

Theorem 2.14 ([HKS89, Mic92]). Let X; be given by the classical overdamped
Langevin dynamics

Let E, := H(s1p) — H(my) denote the critical depth of the potential H. Then:

If r(t) > % for t large enough with E > E,, then for all § >0
P(H(Xy) < H(mi)+6) — 1.

t—o00

If r(t) < % for t large enough with 0 < E < FE, then for § small enough
limsupP(H(X;) < H(my)+6) < 1.

t—o00

In this section we study simulated annealing for the infinite swapping dynamics given
by the following SDE

{ dX1 = —VH(X1)dt + /2711(t) p(X1, X2) + 2 72(t) p(Xa, X1) dBy ,
dXo = —VH(X2)dt + /2 72(t) p(X1, X2) + 271(t) p(X2, X1) dBs .

We require that for some fixed constant K > 1
Tg(t):KTl(t) and T1(t>\LO.

(2.14)

In Theorem 2.6 and Theorem 2.7, we showed that the infinite swapping dynamics
mixes faster than the overdamped Langevin dynamics. Choosing 75 = K71, the
effective critical depth of the potential H is ]f( compared to F, for the classical
overdamped Langevin dynamics given by (2.13). This indicates that the infinite
swapping dynamics could outperform the overdamped Langevin dynamics for simu-

lated annealing. The main result of this section shows that this is true.

Theorem 2.15. Assume that the potential H satisfies Assumptions 2.3 and 2.5.
Let E, := H(sp1) — H(my) be the critical depth of the potential H. For K > 1 and
E > %, let
E KE
t)= —— d )= ——. 2.15
n=pery ™ 20=5e1y (2.15)
Let X1,X5 be given by (2.14) with initial distribution m. Let my(x1,x2) be the
probability density of (X1(t), Xa(t)). Assume the following moment condition for the
initial distribution m: for every p > 1, there exists a constant C, such that

/ (H(x1) + H(zs)) dm(z1, 22) < Cy. (2.16)

Then for all d >0, >0

1 )min(%ué—sz&)—e

P(min{H (X0 (1), H (X)) > ) 5 (2.17)
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3. PROOFS

3.1. Proof of Theorem 2.6 and Theorem 2.7. Our overall approach follows that
of [MS14], which was via a decomposition of the state space R™ into an “admissible
partition” of metastable regions {Q;}X, for the Gibbs measure ™ defined in (2.1),
as described below.

Definition 3.1 (Admissible partition). The family {Q;}Y, with Q; open and con-
nected is called an admissible partition for H if

(i) for each i € [N], the local minimum m; € €,

(ii) {Qu}N., forms a partition of R™ up to sets of Lebesque measure zero,

(iii) The partition sum of Q; is approzimately Gaussian. That is, there exists
70 > 0 such that for all T < 19, fori € [N],

v (Q)Z7 = ex —@ T = (27”—)”/2 ex _7H(mz) 7| In 7|3/
)27 = [ oo (<2 - By ()1 O ),
(3.1)

Remark 3.2. A canonical way to obtain an admissible partition for H is to associate
to each local minimum m; for ¢ € [N] its basin of attraction with respect to the
gradient flow of H. That is,
) d
Q; = {y e RV : lim y; = my, e _ —VH(y), yo —y}.
t—o00 dt

However, as in [MS14], to facilitate the proof, we choose instead the basins of at-
traction for the gradient flow of a suitable perturbation of H (see Section 3.3).

Suppose {€2;}, is an admissible partition in the sense of Definition 3.1. Define local
measures on R"

T

V(@)= v (@)l (32)

Vdet VZH (my) < H(m,)
ZT =vT(Q;) = exp [ ———2 ) (1 + O(v/7|In7]>/?)).
Py = Y 20) (+ O )
This induces a decomposition of the measure u on R™ x R" as
1 _ 1 1, _
p=gt )22525”5;*252@% (3.3)
(4,9) (4.9

where Z;jf = ZiTleTQ, Z;; = ZZQZjTl and

T @) i= e (e elana, = v @)y (@2),

—T
%
_ I _
T (71, 22) = 7= (z1, 22) |0 x0; = v* (@1)v] (22).
]
The following results are read from [MS14, Lemma 2.4 and Corollary 2.8].
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Lemma 3.3 (Decomposition of variance). For the mizture representation (3.3) of
the Gibbs measure i, and a smooth function f: R™ x R™” — R, it holds

Var,(f) = % >z Var, () + % Z Z;; Var .~ (f) (3.4)

+EZZ{§ZIZ]E+(]C) ZZZJZkl ”kz f)OSZE’
Z Zy (B + f) = Ew*(f))Q’ (3.6)

kl

where the second line is summing over unordered pairs (i,7) # (k,l) and the last line
is summing over ordered pairs ((i,7), (k,1)).

Lemma 3.4 (Decomposition of entropy). For the mixture representation (3.3) of
the Gibbs measure i, and a smooth function f: R™ x R” — R, it holds

Ent,(f?) < Zz+ Ent, -+ ( Zz Ent, - ( I (3.7)
(4.9) ( )

1 zZ5 Z
52| X stz | B V) (38)

(1,3) \(k.D#(0.5) w’ (k) w7’

Z, Zh
+ = ki + ki Z; Var_—(f) (3.9)
(; (k} l;’b,]) A(Zl] Y Z % ZZ] ) Z+) 2]

Z57 , 1 Z5 7 )
+ 3 Z Z;,Z+) E+(f) =B () +ZA(ZU’Z)(EW;J_(f) —E.—(f)

(3.10)

+Z—
= Z (B () - E. (/)

’Lj’

where the second to last line is summing over unordered pairs (i,7) # (k,l) and the
last line is summing over ordered pairs ((i,7), (k,1)).

The local variances appearing in (3.4), (3.8) and (3.9) and the local entropies ap-
pearing in (3.7) are dealt with by Poincaré and log-Sobolev inequalities for local
product measures.

Lemma 3.5 (Local PI for ﬂg) Under Assumption 2.2, given To small enough,
there exists an admissible partition {Qz}i\il such that for all T < 1o, , for all smooth
functions f : R" x R® - R

(3.20)
Varwfj (f) < O(1> Eﬂfj (Tcr(l) |vx1f|2 + To(2) |v12f|2)
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Lemma 3.6 (Local LSI for 71'%) Under Assumption 2.3, for all smooth functions
R xR" >R

(3.21)
Enteg (f2) < O(1) Eang (Ve fP + [Vao fP).

We defer the details of the proof of Lemmas 3.5 and 3.6 to Section 3. They are
based on the simple product structure of the measures ) and an adaption of the
local Poincaré inequality [MS14, Theorem 2.9] and the local LSI inequality [MS14,
Theorem 2.10]. It follows that

27 Varzg () < O(1)Exe () x Q), (3.11)
Z Entrg (f) < O(r1 1) Exe ()00 x Q).

Here and below, for a Dirichlet form £(f), we denote £(f)[2] to be the Dirichlet
integral with region of integration restricted to Q.

To deal with the mean-differences appearing in (3.5) and (3.10), we will apply the
mean-difference estimate from [MS14, Theorem 2.12], which allows us to transport
in one of the variables x1,x2 at a time from one metastable region {); to another
metastable region 2. However, in order to ensure we only get exponential depen-
dence on 1/79 rather than 1/7; in the Eyring-Kramers formula, we can only transport
in the high-temperature variable, and not in the low—temperature Variable This al-
lows us to deal with mean- dlfferences of the type between 7r - and 7t o> or the type

between 7Tji and T

Lemma 3.7 (Mean-difference estimates for 71',;;, i and for w0,
Zi(Brs f =Bt f)? S O - Exe () x R, (3.12)
Zo(E, [ B, [P SCR & (R x Q. (3.13)
Jji i

where

S 1 274 /det VZH(Skj) exp <H(Skj) —

H(my)
ij T /det V2H (my) A~ (sk;)] Ty )

Here and below, ~ (resp. 5) means equality (resp. less than or equal) up to a
multiplicative factor of 1 4+ O(y/72| In 2|3/2).

Proof. For the first estimate, applying Cauchy-Schwarz and [MS14, Theorem 2.12],
we get

ZZ—Z(EWZ f - szfk f)2 < Z;rl Z]:;—Q Ei‘lrl (Ei]% f - Ei}? f)2

S 20 B O [ iV fPam @
< O & (0 x B,
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The second estimate is completely analogous. U

To deal with the other mean-differences in (3.5) and (3.6), we have another move
available, which is to swap the temperatures of the two variables, i.e. to swap between
W;; and ;. This is the main new technical ingredient compared to [MS14], which
come at a cost that is polynomial in the ratio of the higher temperature to the lower
temperature, 7o/7].

£ 7). In the same setting as Lemma

Lemma 3.8 (Mean-difference estimate for Ty T

3.17,

By f =B 12 < 00 (2) O By V2P + B, V2P
iJ ij 1 ij %]

+ w(7—2) Z Ewg’j (Ta(l)‘vm1f|2 + 7—0(2)‘Vw2f‘2)'
oe{+,—-}

for any smooth function f : R xR"™ — R, where ®,, : [1,00) — [0,00) is the function
1 forn=1
O, (x) =< 1+Inx forn =2
1+ 20=2/2 forn >3

and w(t2) == O(y/72| In2[3/2).

We defer the proof of this lemma to the next two sections. It follows that

win(Z, Z;)(Es [~ B [)? < ®, () O(E(NIU x Q). (314)

1

Using these estimates, we will show that the dominating terms in Lemma 3.3 are the
mean-differences between W;;J, wfrl and between i T11 where ¢, j are arbitrary and
p is the local minimum with the dominating energy barrier.

Lemma 3.9. Let p be the local minimum with the dominating energy barrier. Then
for any i,j € [N], and o € {+,—}

2B (1) ~ B (P S G - £ (N0 x B+ 0 ( 2) O(E(),
2y 28 ()~ By (DF S O £ (DR x 41+ 2, (2 ) 0,

Moreover, if {(i,7)°", (k,1)°2} is one of the following forms
{GDT LD ), @D HEDT @) 1D, (1,07}
then
72

25 25 (B (f) — Bpea ()2 < @, () O(WE(S).

ij kl T1
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Finally, for any other {(i,j)', (k,1)°2}, the term Z7' Z7P(E, o1 (f) — E o2 (f))? is
ij

negligible in the sense of being exponentially smaller in 1/15 compared to one of the

terms above on the right hand side.

Proof. Let I' be the graph whose vertices are labelled -7; and have three kinds of
edges:

e “vertical” edges between -jj, -;ﬂ;
e “horizontal” edges between - 5k and
e “swapping” edges between ;;7 i

We decompose the mean-difference between any two measures 7T,;;,7Tk_l as a sum
of mean-differences of the types in (3.12), (3.13), and (3.14), corresponding to a
sequence of “moves” on the graph I'. Given any sequence of moves vg — vy — --- —
Uy, on graph I', we have

m 2
Zivg Loy, (Eﬂvo f= Emm f)2 = Zvy Loy, <Z \/@\/%(Emtl f= E’% f)>

fﬁiz Zom(Eryy_, [ =En, f)° (3.15)

w
=1 “t

for any wy > 0,> )", wy = 1. After taking into account the weights Zzngka this
leads to the choice of the following three types of sequences of moves for the three

types of mean-differences occurring in Lemma 3.3:

T S — + +.
o Type I sequence: -7 — -7 — -;y = -3 = 1 = 5 = 4
e Type II sequence: TR fj — -fl — ILl = — g and

e Type III sequence: j] — ;E — i -fl — ;“l =0

Let us first look at the decomposition (3.15) for a Type I sequence. For the 1st move,
255250 (Bre (f) = E () 2 Z5CT - Ex+(HI x R,

which is negligible unless j = p,k =1 = 1. For the 2nd move,
2 T2 r7+ T2
23248 (1) - B (D < 222 20 (2 ) 0WED),
which is negligible unless j = k =1 = 1. For the 3rd move,

23248 () - B (NP Soxp (~Hm) (£ - 2)) 2220CF £ (DR x 1l

i1 11 T T

which is always negligible. The analysis for the remaining three moves are completely
symmetric: the 4th move is always negligible, the 5th move is negligible unless
1 =j =1 =1, and the 6th move is negligible unless | = p,i = j = 1.
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Overall, if (i,7),(k,1) is not one of the exceptions mentioned, we can just assign
W] =wj = -+ =wg = 1/6, then the overall sum is negligible. This choice of (w;)S_;
also works in the exceptional cases k = j =1 =1and i =j =1 =1 (since we can
afford to lose a constant factor because of the O(1)).

Lastly, in the exceptional case j = p,k = | = 1, we consider a shortened 2-move

sequence ';;_) — ;ﬁ — Tl. For the 1st move in this sequence,

Zi 21 (Bt (f) = E .+ () £ 3 - Ex+ (HI x R,
and for the 2nd move in this sequence,

ZipZH (B (f) =By (1) > 252 - Z3 25 (B () — B (1))

11

< 2720 (2) 0D,

T1
Thus, for this sequence, we can assign w1 =1 — Z7? & 1,ws = Z72, then the overall

sum is as claimed. The exceptional case [ = p,i = j = 1 is completely symmetric.

The analysis for Type II and Type III sequences are completely analogous.

We can adapt this approach to estimate the terms in Lemma 3.4.

Lemma 3.10. Let p be the local minimum with the dominating energy barrier. Then
fori,k,l € [N] and o € {+,—} such that

H(mi) = H(mp) _ H(mi) = H(m)

H(m;) < H(my) ori=p, and - + ™ > o) + o) )
ztze 1 T
ip~kl _ - 2 T2 n . n j
Kz g B B S en (ciee i x ®) + 0, (2) o).
Zpi % > 1 ( - "0, (@) )
A(Zp_z’ Z’g-l) (]ETI';Z (f) - ]Eﬂ']gl(f)) é A <§I(zz | 1> Cplgﬂ‘_ (f) [R X Q’L] + (I)n eal O(l)gﬂ(f) .

2525
A(Zi”jl7 Z77)
is negligible in the sense of being exponentially smaller in 1/T9 compared to one of
the terms above on the right hand side.

Finally, for any other {(i,7)°", (k,1)?2}, the term

Tkl

(B () — By ()2
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Proof. The analysis is similar as in the previous lemma, but now we have to take
into account the logarithmic mean, using the estimate
ab b
Aa,0) — “ A(a/b,1)
forb $1,a < 1. The main difference is that we now need to be more careful to show
the transport from -} -p to -], is negligible if H(m;) > H(m,) and i # p by choosing

K3
the alternative path: - —> i 1 fp N fl 0

S aln(l/a)

Proof of Theorem 2.6. Combining Lemma 3.3, (3.11) and Lemma 3.9, we get

Var,(f Z o(1 ) x Q] Zo ) x Q]
(w)
+2. iZCﬁ Ent () xR +2- iZCﬁ Ex-(F)IR"™ x Q]
7 J
o, (2) owe)
1

< (O(l) +C2+ @, <TQ> 0(1)> Eu(f),

as desired.
O

Proof of Theorem 2.7. Combining Lemma 3.4, (3.11), (3.11) and Lemma 3.10, we
get

Ent,,(f ZO Exr ()% x Q]+ = ZO DER- () x Q]
(m ( )
+3 Z 2N?0(ry D&+ () x Q] + % > 2N20(r N ([ x Q]
(4,4) (4,)

i<p \ (k)” ng

+ % > A(;l) (cg & (P X R + @, (Z) O(l)&(f))

i<p \ (kD)7 szz’z )

MDY A<11) (Cg £ (FR™ x Q] + Py <n> O(l)&(f))

1

< 2N?2 <O(7‘1_1) + H(my) (" + 75 )O3 + O 1) @y, (ﬁ)> Eu(f),
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as desired. OJ

3.2. Proof of Theorem 2.15. With the help of Theorem 2.7, i.e. the low-temperature
asymptotics of the log-Sobolev constant, the proof of Theorem 2.15 follows the ar-
guments in [Mic92, Mon18].

For each ¢ > 0, let p; be the probability measure given in (2.3) at temperatures
71 = 71(t), 72 = T2(t) as defined in (2.15), i.e. pg(xy,x2) = %(ﬂt(xl,:vg) + (22, 21)),

with ( Hz) H( ))
_H(x T2

A TN

where Z; is the normalizing constant making m; a probability measure. Our first
observation is that the mass of the instantaneous equilibrium p; concentrates around
the global minimum min H = 0 as t — oo.

Lemma 3.11. If (X1(t), X2(t)) has law ., then for every 0 < & < 8, there exists
constant C such that

P(min{ H(X, (1)), H(X2(1))} > 6) < Ce 700 < C(2 4 1) "%

Proof. Since py(21,22) = 5(mi(21,22) + m (22, 21)) and min H(zq, z2) is symmetric,
P(min{ H (X1(t)), H(Xa(t))} > §) = P(min{ H(Y}), H(Y3)} > 0)

P(H(Y1) > §)P(H(Y2) > 6)

<P(H(Y1) > 6),

where (}71, }72) has law 7, and Y7, Y5 are independent. It remains to bound

H(z)

- T
P(H(T1) > 6) = =0

Je T dx

Under Assumption 2.3, [MS14, Lemma 3.14] applies and shows H has linear growth
at infinity. More specifically, there exists a constant C'iy such that for all sufficiently
large R,

H(z) > |n|11111%H(Z) + C(|z| = R) for |z| > R.

In the above, we can choose R large enough so that minj, g H(z) > 4. Then

e ™ dr= e ™ dr+ e ™ dx
H(x)>6 H(z)>é,|z|<R |z|>R

_ 3 _C(z|=-R)
<e ™ |BR(O)|+/ e T dr
|z|>R

< ¢ 7 (|Br(0)| + O(m)).
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On the other hand, there exists » > 0 such that H(z) < ¢ when |z| < r. Then
_H(=) _H(=)
e ™ dr> e n dx>ef1\B()]
|| <r

Combining these gives the desired estimate. ([l

Let (X1(t), X2(t)) be a random vector with law ;. By Lemma 3.11 and Pinsker’s
inequality, we have

P(min{ H (X1 (t)), H(X2(t))} > 6) < P(min{H (X1 (t)), H(X2(t))} > 6) + dry (s, my)
<CQ2+8)""F + /2Ent(melpm), (3.16)

Ent(my|pe) := / U™ (mt> dpu
et et

is the relative entropy of m; with respect to . Thus, it remains to bound Ent(my|u).
The following lemma gives an estimate of < < Ent(mq|u), the proof of which is in the
same spirit of [Mic92, Proposition 3].

where

Lemma 3.12.

G Enttml) < =22, (M) 4 4 (s BIHON (@) + HOG(87

ln< )dm—i—/mtln( )dx
20
( >dm / mtdﬂtdw
pe dt

m(:ﬁ) da — / dh;(t t)dmt. (3.18)

Proof. First note that

Y
E

d
i Ent(mq|pe) =

5
~
3 X3

Q.
E &\

Il
— — —
&
3

dt
We consider the first term in (3.18). Observe that m; satisfies the Fokker-Planck
equation
dm
ditt = Va, - (mtva) + Va, (mtvsz) + Ag, (almt) + Ag, (Gth).

Combining this with the identity Vg, (aipu:) = —putVa, H, we get

dm m m
o (o (2)) 5 o ()

Integrating by parts, we have
my 2
Ht

[ (o= (=

— 27, (”“) : (3.19)
Mt
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where Z,,, is the Fisher information defined in (2.4) for y = ;. Next we consider
the second term in (3.18). Using that min H = 0 and that 71 (¢), 72(¢) are decreasing,
direct calculation yields

dt —dt \n(t

> (H(:El)p(ﬂm, r2) + H(z2)p(x2, :171))

T % <7’21(t)> (H(J:l)p(m%ﬂ?l) + H(z2)p(x1, 1:2))

d 1 1
< it (5 + ) () + 162

Integrating this against dm; and combining it with (3.19) yields (3.17). O

The second term on the right hand side of (3.17) are controlled via the following
lemma.

Lemma 3.13. For any € > 0, there exists a constant C' such that
E[H(X1(1)) + H(X2(t))] < C(1+1t)".

We omit the proof of Lemma 3.13, which closely follows that of [Mic92, Lemma
2], using the moment assumptions on the initial distribution m given in (2.16) and
growth assumptions on the potential H in Assumption 2.3.

Lemma 3.14. For any € > 0, there exists C such that

1 1-%=5—¢
Ent(mq|pu) < C <t> .

Proof. Using the log-Sobolev inequality in Theorem 2.7, the estimate (3.17) becomes

& Bt () < ~200 Ent (i) + (2 4+ 1) EIH(X1(0) + H(Xa(0),

where oy is the LSI constant in (2.11) for g = . From (2.12) we see that for any
e > 0, there exists tg > 0 and C7 > 0 such that for ¢t > t,

2004 > 01(2 + t)_%_g.
Together with Lemma 3.13, we get that for t > ¢,

d .
7 Ent(melur) < ~Ci(1+ £)=F ¢ Ent(my|p) + Co(1 + t) 1.

A standard Gronwall-type argument as in the proof of [Monl8, Lemma 19] then

finishes off the estimate: for 0 < € < % (1 — [?*E), let

Q(t) = Ent (my|p) — 202(1 )R
1

Then for ty large enough and t > g,

L0 < ~Cr(1+ 1) FEQU),
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B
KE e

Q(t) S Q(to)efcﬁ ftto(1+t)7 7
Ent(mt|,ut) < 261&(1 + t)_1+%+2€ + Ent(mto|,ut0)e_%((1+t)y_(1+t0)y)’
1

I?*E — & > 0, and the conclusion follows. O

where v =1 —

Combining (3.16) and Lemma 3.14, we get that for any 6 > 0, > 0, there exists a
constant C' such that

B*

(6—¢) I-KE—=¢
P(min{ﬂ(xl(t)),ﬂ(xg(t))}>5)§C<<11+t> : +<1it> 2 >

which implies (2.17).

3.3. Proof of Lemmas 3.5 and 3.6. The following decomposition of variance
and entropy for a product measure reduces proving Lemmas 3.5 and 3.6 to proving
corresponding estimates for the component measures . It may be verified by basic
properties of variance and entropy.

Lemma 3.15 (Variance and entropy for product measure). Let 7 = v; @ v; be a
product of two probability measures on open subsets of R™. For any smooth function

R xR" >R

Var (£) = B2 (Vi (1)) + VarZ2 (E5! (F)) < B2 (VarZ) (1)) + B3 (VarZ2 (f13.20)
For any smooth function g : R™ x R™ — Ry,

Ent(g) = Ef? (Entf (g)) + Ent? (5 (9)) < B2 (Entf! (9)) + 3 (Entf? (g).21)

Definition 3.16 (Local PI and LSI for v]). We say the local Gibbs measure v]
satisfies a Poincaré inequality with constant p if for all smooth functions f : R® — R

1
Var,; (f) < ;EV[ VP,

which we denote PI(p). We say v] satisfies a log-Sobolev inequality with constant o
if for all smooth functions f: R™ — R

2
Entyz (f%) < =By VI,
which we denote LSI(a).

Lemma 3.17 (Local PI for v]). Under Assumption 2.2, given 1o small enough,
there exists an admissible partition {Q;}Y | such that for all T < 72, the local Gibbs
measures V7 satisfy Pl(p) with p~! = O(1).

Lemma 3.18 (Local LSI for v]). Under Assumption 2.3, given 1o small enough,
for the same admissible partition {Qi}i]il, for all T < 19, the local Gibbs measures

vl satisfy satisfy LSI(a) with o=t = O(1).
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Lemmas 3.17 and 3.18 are very similar to [MS14, Theorem 2.9] and [MS14, Theorem
2.10], except now that we have two temperatures 71 < 7, we want the regions €; in
the admissible partition only depend on the higher temperature 79 but not the lower
temperature 71, so that we can get PT and LSI for the local Gibbs measures v;*, v,
defined on the same regions ();.

This can be shown by making a small modification to the proof of [MS14, Theorem
2.9, 2.10], which is based on constructing a Lyapunov function. Let us recall the
definition of a Lyapunov function and the criterion for PI based on it from [MS14].

Definition 3.19 (Lyapunov function, Definition 3.7 in [MS14]). A smooth function
Wr:Q; — (0,00) is a Lyapunov function for v} if for Ly :=tA —VH -V

(i) There exists an open set U; C Q; and constants b > 0,\ > 0 such that
LW

T

< =X+ b]lUi Vx € Q. (3.22)

(ii) W, satisfies Neumann boundary condition on Q; in the sense that it satisfies
the integration by parts formula

/(—LTWT)ngZ:/ Vg - VW dv]. (3.23)
Qz‘ Qi

Lemma 3.20 (Lyapunov condition for local PI, Theorem 3.8 in [MS14]). If there
exists a Lyapunov function for v] in the sense of Definition 5.19 and that the trun-
cated Gibbs measure V] |y, satisfies Pl(py, ), then the local Gibbs measure v] satisfies
PI(p) with

1< bt + lT
We choose U; to be a ball centered at the local minimum m; with a small, fixed
radius Ry such that H is strongly convex on U;. Then the Bakry-Emery criterion
provides the following result.

Lemma 3.21 (PI for truncated Gibbs measure, Lemma 3.6 in [MS14]). The mea-
sures V] |y, satisfy Pl(py,) with p[_]i1 = O(r).

In [MS14], the candidate for the Lyapunov function is W, = exp(%), so that (see
[MS14, equation (3.9)])

LW,

Wr

In order to satisfy the condition (3.22), the Hamiltonian H was replace by a per-
turbed one H; such that ||H — H;||cc = O(7). In order to satisfy the condition
(3.23), €; is then chosen to be a basin of attraction with respect to the gradient flow
of this perturbed Hamiltonian H.. Consequently, the local PI was first deduced for
the perturbed Gibbs measure % exp 12{—; on §);, which then implies PI for the original
measure via Holley-Stroock perturbation principle. One side effect of this approach
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is that the region §2; depends on the temperature 7, which is unsuitable in our setting
with two different temperatures.

We modify this approach as follows: instead of perturbing the Hamiltonian in the
Gibbs measure, we only perturb the Hamiltonian in the Lyapunov function. Given
7o = & small enough, we will choose a perturbation H. = H 4+ V. where V. = O(e),
and choose €2; to be the basin of attraction with respect to the gradient flow of H..
Then, for every 7 < g, we choose the Lyapunov function to be W, = exp 12{—; Then
(3.23) is satisfied by [MS14, Theorem B.1] and

LW,  VH-VH. iy AH. |VH.|?
w, 2T 2T 472

LW,
A
where the last inequality holds as long as |VV,| < |VH|. Then once (3.22) is verified
for 7 = ¢, PI for 1] follows for every 7 < ¢ on the same region ;.

1 1 9 9
:gAHe—E(\VH\ —[VV.%) <

It turns out the same perturbation used in [MS14] works here. Let S be the set of
critical points of H and M = {my, ma,...,my} be the set of local minima of H.

Lemma 3.22 (e-modification). Given a function H satisfying Assumption 2.2, there
exist constants €9, Ao, a,C € (0,00) and a family of C3 functions {V.}o<e<e, such
that for H. := H + V_ it holds

(i) Ve is supported on U es\pm Bayz(s) and |Ve(z)| < Ce for all x.
(11) Lyapunov-type condition: |VV.(z)| < |VH(z)| for all x and

1 1 2 2
GAH: = —(IVHP = |[VVaP) < =\ forall ¢ LGJM B, jz(m).

We omit the proof of Lemma 3.22. It can be shown by carefully following the proof
of [MS14, Lemma 3.12]; indeed, the perturbation V; can be taken to be the same one
used there. It is easy to see that H. has the same local minima as H. For each local
minimum m; of H, let {); be the associated basin of attraction w.r.t. the gradient
flow defined by the m-modified potential H,, that is

n . dyt
Qi = {y eR™: t]ir&yt = My, E = _VHT2(yt)7 Yo = y} .
Then (€;)Y, is an admissible partition in the sense of Definition 3.1. We omit the
proof of this fact, which can be shown by slightly modifying the proof of [MS14,
Lemma 3.12]. The preceding discussion shows v defined on Q; by (3.2) satisfies
PI(p) with p=t = O(7) for all 7 < 7.

Equipped with the Poincaré inequality for v, the log-Sobolev inequality for v] is
now a simple consequence of the following criterion from [MS14].

Lemma 3.23 (Lyapunov condition for local LSI, Theorem 3.15 in [MS14]). Assume
that
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(i) There exists a smooth function W, : Q; — (0,00) and constants A,b > 0 such
that for Ly := 1A —VH-V
LW,
-

(ii) V2H > —Kp for some Ky > 0 and v} satisfies PI(p).
(i1i) W; satisfies Neumann boundary condition on §; (see (3.23)).

< \Nz|>+b Ve

Then v} satisfies LSI(c) with

T 2 T 2
Oé_1§2 Z 1_1_% _|_ﬁ l_i_w +2,
A\ 2 pT A\ 2 pT P

where v (|z|?) denotes the second moment of v .

Choosing W, to be the same Lyapunov function we chose for the PI, it is straight-
forward to check that, under Assumption 2.3, the conditions (i)-(iii) holds and the
second moment v7 (|z|?) is uniformly bounded. We omit the proofs, which are vir-
tually identical to their counterparts in [MS14] (see Lemmas 3.17-3.19). Finally,
p~t = O(r) yields a=! = O(1).

3.4. Proof of Lemma 3.8. In order to prove Lemma 3.8, we observe that the local
Gibbs measures v] are close to a class of truncated Gaussian measures in the sense
of mean-difference (cf. [MS14, Lemma 4.6]).

Definition 3.24 (Truncated Gaussian measure). Given m € R", ¥ a symmetric
positive definite n X n matriz, R > 0, consider the ellipsoid

El ={zcR":(xz—m) -2 Yz —m) < R*)}.

The truncated Gaussian measure ¥" at temperature T with mean m and covariance
3 on scale R is defined to be

ey @ e m) o mm)

1g-,
ZpyT Vet & g
where Zp = fBR(O) exp (—|z|2/2)dz = V21" (1 — O(e~* R"~2)).

Lemma 3.25 (Approximation by truncated Gaussian). For 7 < 1y, let 7] be the
truncated Gaussian measure at temperature T with mean m; and covariance ¥; =
(VH?(m;))™" on scale R(9) = |Inmp|'/2. Then
dv]
dv]

uniformly in the support of ], and for any smooth function f:R™ — R

() = 1+ w(m), (3.24)

T

(Evr f —Eyr < Var,r <ZZ?> Var,r (f) < w(72)7Epr |V |2

)

where w(12) = O(\/T2| InT/?).
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We omit the proof of Lemma 3.25, which is the same as [MS14, Lemma 4.6] with
only minor changes.

Corollary 3.26. For any smooth function f : R™ x R® - R
2
(Bag, £ =B oty ot £) < () By (7o) [ Vi /4 7o) Vi /7).
where w(T) 1= O(/T2| In12|3/2).
Proof. This follows from the previous lemma by writing
Ero f — Eyzom@w;am f= (Eychm@;a(z) f—E MOPWE) f)
+ (E"/To(l a(z) f—E Ta To(2) f)

gy,
g

This reduces our task to proving mean-difference estimate for truncated Gaussian.

Lemma 3.27 (Mean-difference estimate for truncated Gaussians at two tempera-
tures). For any smooth function f:R™ — R

-
(E’Y? f- E,Y;H f)2 < CulI%i]| <1 + o, <Ti>> To ]E,YZ'Q ’Vf|2’
where the function ®,, is given by (2.10), and C), is a constant only depending on n.

Proof. By change of variables, it suffices to show the first inequality for m; = 0,%; =
Id. From the Cauchy-Schwarz inequality and the fundamental theorem of calculus,
we can deduce

2

(B, f—En )2 <Ea (f(VRX) - f(V7X))?

/S" 1dw/ (/ |vf(8w)|d5>2€;}:7“n_ldr

<2[1—|-12)

where, for some 0 < k < R to be specified later,

N

r

2
e 2
I = d 1 d n=1q
! /Sn 1 w/ (/7’17” ‘Vf(sw” SSKVT2 S) ZR " "
2 p—
e e
I := /Sn 1alcu/ </T1r Vf(sw)]]lw,{\/ads) Z—Rr L.

Estimate for Is: By Cauchy-Schwarz,

[M]

T

. </ d /R< ) /R IV (560) Py s |
< w Tor — \/TIT sw) | gy mds r r
2= Jo o o ’ ' K/ =TV ZR




28 GEORG MENZ, ANDRE SCHLICHTING, WENPIN TANG, AND TIANQI WU

R _r

Ry72 .
<7 dw/ \Vf(sw)]2 / 7
Sn—l Ky/T2 \/% R

Using integration by parts and standard Gaussian tail bound, for s > k,/7T9,
R 2 _s2 /g2 at
e Trdr < Cp(1+ k=" D)e 2 (> ,
s T
vz 2
where C,, is a constant only depending on n. This gives

I < Cn(l + Hi(nil))TQ E,Yfz |Vf’2

Estimate for I;: By Cauchy-Schwarz

R Ky/T2 /72T _rz
ne [ [ [T wsoretas) ([T 0 0a) Tt
Sn—1 0 0 \/ﬁr ZR

L vy / ’ / gy | re 24
= — U u | re” 2 dr
Zn NG o\ )

ﬁ 2 T2
§ C’ne 2 To E,Y‘_"Q |Vf| . (I)n ? R
v 1

where C), is a constant only depending on n. The conclusion now follows if we choose
k=R when R<1and x =1 when R > 1. O

Corollary 3.28. For any smooth function f:R"™ x R® - R

-
(Eﬂl@ﬁ f=Egyn f?< (1 + @, (;)) 0(72)(1% Vo f]? +E,- |V f12).

Proof. This follows from the previous lemma and (3.24) by writing
E'y?@’y? f—- Ey?@’y;l f= (E’YF@’Y;Z f—- E’y?@’y;l f)+ (E,yzn e f— E%T?@»y;l f).
O
Lemma 3.8 follows from Corollary 3.26 and 3.28.

Remark 3.29. One can show a weaker version of Lemma 3.8 by a simpler approach:
First we split the mean-difference as

(Bps f =B f)? = (Bps f = Eyng,n f+Eng,n f-E - f)?
< 2E", (B, f — B2, f)? +2E"2 (B, f — B, f)2
? J J J 7 i

Now, using the covariance representation of mean-difference and Cauchy-Schwarz

dI/Tl 2 d]/’?'l 2
2 _ k _ k
(EV,? g — EV]? g) = (]EVI:Q g — E”/? ng,?) = COVZI;—2 (g, dl/]:2>
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T1

dvy, 9 du;?
< Varyl? (g) Varyl? (dl/]?) < O(TQ)EV]? |Vg] EV}? (dl/]? .

Finally, using the partition size given in (3.1) we have a uniform estimate on the
relative density

dVZ;l I/]:;—Q(Qk) —H(z)( —-1_ —1) V;—Q(Qk) T2 % 3
= )(m ) < < [ = 14+0 1 /2YY.
ap @) S < \n) T OWRiee)

(!
Applying the preceding with k = j,g(-) = f(z1,+) and k = i,g9(-) = f(-,x2), respec-
tively, we obtain the estimate

n

T 2
E.f-E_f?< () O(ra) (Bt [Van f2+E, [V, £I2).
ij ij T1 ij ij

In comparison to Lemma 3.8, the dependence in the ratio To/T1 appearing in front
of the Dirichlet form is about one order worse in exponent.

3.5. Proof of Proposition 2.9. It suffices to consider test functions of the form
f(z,y) = f(z). This is equivalent to replace p by its first marginal, which is g =
(1™ +v™). In this case, Var,(f) and &,(f) reduces to

Varg(f) = 3 (Varn (f) + Varyrs () + (Bvr f = By ),
1

&a(f) = 5(rEun IVfI? + B [V f]?).

We further restrict f to C.(€;) with ¢ = 1. By (3.1) and (2.8), v"(€;) ~ 1 once 7 is
small enough. Then

Vara(f) 2 (Bomi f)* = 4By £)? 2 (B, f)* = 5(E,z2 f)?,
Ea(f) STE [V +mE, = [VF).

By change of variables, we may assume m; = 0,%; = (V2H(m;))™! = Id. We
consider a test function of the form

f(@) = fe(z) = h(|z]/Ve),
where h > 0 is a compactly supported, absolutely continuous function and 7 <e <
Ty 18 a scaling parameter, both to be specified later. As in the proof of Lemma 3.8,
we will approximate by truncated Gaussian measures (see Definition 3.24). Since
e <y, f- is supported in the support of 7/?. By Lemma 3.25,

Varﬂ(f) Z (E,‘/Zl f€)2 - 6(E72—2 f€)27 (325)
Ei(f) STE VI +7E ~» [V (3.26)
if 79 is small enough. We have:

i
nEn |V = ;11@ = VA% (3.27)

T 1 _
nEn VI = ZE o VAP < ——(e/n)" PP IVAL,  (328)
i 'Yig e
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(/)" 211 fill (3.29)

E~f.=E = fi <
7 n/if

™

and for any r > 0,

7'2
B fo=E o 2 (nf S0P 5 (X1 <) 2 (uf ) (1-newp (— -5 ) pao

% |z|<r (0,7] nTm

In the following R,, > 0 is the number such that exp (—%il) = 5.

Case 1: n > 3. We choose h to be a compactly supported smooth function such that
h =1 on [0, R,], decreases to 0 on [R,,2R,]| and is 0 outside [0,2R,;]. Then

(3.28) (3-29) (3.30) 1
nEn[VEP < (/)" Enfe S (/)" Enfe > 5,
where the implicit constants only depend on the dimension n and the function h.
Since h' =0 on [0, R,]

o G20 1 o TLy 12 —cH = nm
nEnVE® < 2Nl 0 (X[ 2 Ra) < —llgllieCre 7 S (11/€)™,
i v.

7

for every positive integer m, where the constants cg, Cxy > 0 only depend on the
Hamiltonian H. The second inequality is a consequence of Assumption 2.2 (see

[MS14, Lemma 3.13]). Now, for any 0 < n < %, set € = 7'11_777'2", and choose m large
enough so that nm > (1 — n)(n — 2)/2, we obtain

(3.26) o (3.25) . o
Ealf) Sp (r/m2) D02 Naru(f) 2, (1)) TNOTD2E,(f),

if 79, 71 /72 are both small enough.

Case 2: n = 2. Let h be the function given by

1 for 0 <r <rg
h(r)=4q¢2(1—7r%) forrg<r<1
0 for r > 1,

for parameters 0 < a < 1,0 < rg < 1 satisfying rff = %, to be specified later. Then
h is absolutely continuous, A" = 0 on [0, o], and by direct computation

il < 7a, IV fillZe = o®rg®, [VAil72 = 370

We choose ¢ = 19 and T(Q)% = R2 (which is possible once 71 /72 < 1/R3). Then:

(329 1 ¢ o (3.30) 1
E,}/ZQ f& S gg”fl”Ll S 57 E»y;rl fE Z 57
(3.27) T a2 (3.28) 1 3
2 1 2 2 2
nE [V < ;valHLoo < R nE = |[Vf|" < %valﬂy =5
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Since 1 = %, é = ﬁln (T:%) Thus
(326) 02 3 (3.25) 1 .
) 5 gt Valf) 2 agalh) 2 (2) €l

if 79,71 /79 are both small enough.

3.6. Proof of Proposition 2.10 and Proposition 2.11. It suffices to consider
test functions of the form f(x,y) = g(z)g(y). This is equivalent to replace u by
7™ =v" ®v™. In this case, Var,(f), Ent,(f?),E.(f),Z.(f) reduce to

Varz(f) = E,n 9*EBym g* — (Evmi 9>2(]EVT2 9)27
Entw(f) =En 92 Ent,r 92 +Eym 92 Ent,n 927
1
SL() = &) = 1B (9 Bura 8 4 7 Bun 6 B (o)
We represent v as the mixture
v = ZTw + Z3vyt where vt = v g, 15 = 1T q,,
where Q) := (—00, 5), s := (s,00). Denote
H//
(ml)e—H(
H//(m2)

Here and below, ~ (resp. &) means equality (resp. less than or equal) up to a
multiplicative factor of 1 + O(/72|Inm[/?).

ma)/Ti

Zi=vi() =1, Z37 =vT(Q) =~

Proof of Proposition 2.10: Imposing E,~ g = 0, we get

- EV‘F /\2 E,/T /2
Ef) _ [ Bn()” | Ev(g)”
Var(f) E,n g2 E,m g

We make the following ansatz for g:

g(mq) forx<s—9§
g(@) = < g(m1) + %\/ngm) N e~ W=s*/Qom) gy fors—§ <z < s+
g(ma) for x > s 49,

where § = /2ro72|In 7|, and x is chosen so that g is continuous at s + 4. (This is

the same kind of ansatz used in [MS14, Section 2.4].) Then x =1+ O(TQ_TO/U) ~ 1
for rg large enough. For § sufficiently small,

Evri g = g(mi)Z{* + g(ma) 23"
This motivates the choice
g(m1) = —1,9(ma) = 1/23",
such that E,~ g = 0. Then
Evrs g & Z72g(m1)* + Z52g(ma)® = g(ma)* Z37,
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E 2 o ZT1 ( )2 —|—ZTI ( )2 ~ ( )2Z71
v g = 417 gimy 9 glmz)" =~ g(ma 92 -

Finally, we compute the Dirichlet energies. By Taylor expansion of H around s

2
By (¢)? ~ g(m2) 1/ o= (@=5)2/(072) ~H(2) /72 gy
Bjs(s)

2moTy LT

_ g(ma)? H”(ml)eH(s)/Tg/ o~ (@=)2/(27) (2/0+H"(5)) g,
2oy /27T Bs(s)

9 H//(ml) —H(s)/m2 H"(5)],

~ g(mg) 27Ty

where we set 0 = —1/H"(s). This implies

B2 (g)?  VH"(m2)[H"(5)| (5 (ma)—H(s)/m
Ey’? g 27

It remains to show the other term is asymptotically negligible:

2
E, ()2 <92 L / e~ @5/ gy sup e~ HE@/m
VU0 T 2momy e JBs(s) 2€Bs (s)
< g(m2)2 H”(ml)e—(l—n)H(s)/n
S Vanno |
where n = O(§ ) Since 7o > K1 for a constant K > 1, choosing ¢ sufficiently small,

this implies 7 ﬁ (g 3 is asymptotically negligible compared to p.

Proof of Proposition 2.10: In the same set-up as above, imposing E,~ ¢? = 1, we get

1 Z:(f*) _ _Eun(g)? E,(9')
<7 T2 .
2 Ent,(f) Ent, g2 Ent,n g2 E, g2

We use the same form of ansatz as before with
Z3' H"(m1) _p(my) 2 —2
gmi)? = 22~ Yt m2)/n - g(my)2 = g(my) 72,
Z 1 /H”(mg)
such that E,~ ¢g? = 1. Then

By g° & Z7g(m1)* + Z37g(m2)* =~ Z37g(ma)?,

Ent,n g° &~ Z7' g(m1)*Ing(m1)? + Z3' g(m2)* In g(ma)® ~ In g(my)?,
and the same computation as before shows
H//(m1> o
E - (a2 < 2 (1=n)H(s)/m1
l/l(g) Ng(mQ) QW\/We )
o/ H"(m1)|[H" (s )| —H()/m2

27T

E,m(g')* = g(ma)?
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where 77 = O(6?). This implies

and that 7 o

2
E(g)? 1 \/H"(mQ)!Hu(s)!e(H(m)—H(s))/m <y o,

Pty g2 In(1/23)) o

_ En(e)? is asymptoticall ligibl
2 g2 E, 1 g2 ymp y neghgible.
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